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Abstract
Many-body states described by a Schro¨dinger equation include states of overlapping waves of
non-vanishing interaction energies. These peculiar states formed in many-body transitions remain
in asymptotic regions, and lead a new component to the transition probability. The probability
is computed rigorously following the von Neumann’s fundamental principle of quantum mechanics
with an S-matrix that is defined with normalized functions, instead of plane waves. That includes
the intriguing correction term to the Fermi’s golden rule, in which a visible energy is smaller
than the initial energy, and reveals macroscopic quantum phenomena for light particles. Processes
in Quantum Electrodynamics are analyzed and the sizable corrections are found in the dilute
systems. The results suggest that these states play important roles in natural phenomena, and the
verification in laboratory would be possible with recent advanced technology.
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I. FINITE-SIZE CORRECTIONS TO FERMI’S GOLDEN RULE
Transition probability is a fundamental physical quantity and determines measured values
in experiments and the evolution of physical states in nature. That is governed by an
asymptotic behavior of the solution of the Schro¨dinger equation. For particle-like states
of small sizes, their interaction turns off rapidly, and the transition amplitude is computed
under an adiabatic switch off of the interaction. For wave-like states of large sizes, however,
the interaction does not switch off for the overlapping waves, and the transition shows
different behaviors. This paper studies the wave functions and the transition probabilities
in the extreme forward direction that reveal the unique properties of the overlapping waves.
The transition probability from a state |i〉 to another |f〉 is given by P = |〈f |i〉|2 , for
normalized states from the von Neumann’s fundamental principle of the quantum mechanics
(FQM). In previous works, the present authors studied the transitions of the overlapping
waves based on FQM [1–3]. Wave fields express these systems, and the Hamiltonian is
composed of a free part H0 and an interaction part Hint. H0 is a bi-linear form of the fields
and Hint is a higher power form. Eigenvalue of H0 determines the frequency of the wave,
and is called a wave kinetic-energy. An energy value of 〈Hint〉 is the wave interaction-energy
or the potential energy, and is not related with the frequency. This is similar to a potential
energy of classical mechanics.
In a scattering of point particles interacting with a short range potential, the transition
probability satisfies the conservation law of the kinetic energy. The sum of each energy
E(~p) =
√
c2~p2 +m2c4, where c, ~p, and m is the speed of light, momentum, and mass agrees
with the total energy. Now, the wave function for overlapping large waves has a component
that satisfies the conservation law of the kinetic energy, and the other component that does
not. The second one inherent in relativistic systems is a quasi-stationary composite state
(QCS). QCS has a wave interaction-energy, and a kinetic-energy that deviates from the
total energy and has a continuous spectrum. Accordingly, the transition to final states of a
kinetic-energy Ef different from that of the initial state Ei occurs, and the probability from
a state |i〉 to a state |f〉 defined according to FQM becomes
P = ΓT + P (d), (1)
at a finite time-interval T for P ≪ 1. Γ is derived from a short distance correlation, smooth
in angle toward the forward direction, and computed by the Fermi’s golden rule [4–6]. Γ
2
is a function of the parameters in the Lagrangian and the de Broglie wave length of the
momenta of the initial or final waves expressed by the Planck constant h, ~
p
, where ~ = h
2π
.
P (d) has different dependences on the physical parameters from Γ and its effects are clearly
separated. That has a typical length ~E
m2c3
, and the magnitude proportional to a spatial size
covered by the wave function, σ. P (d) has the origin in QCS, which is singular in the forward
direction, and is computed as a correction to Fermi’s golden rule.
The probability of the processes which depends on the time interval T is rigorously
computed, according to FQM, by an S-matrix S[T ] defined with the normalized states,
wave packets, of satisfying the realistic conditions [1–3]. Actually, waves in nature are not
exact plane waves but have finite ranges in space and are normalizable, and give always
finite and unique values to the probability [7, 8]. Observables derived from the probability
P = ΓT + P (d) can be measured with experiments. Γ from S[T ] agrees with the rate
computed with the Fermi’s golden rule. At a small T , or Γ ≈ 0, P (d) is inevitable and
more important than ΓT , and determines the physical phenomena. P (d) does not satisfy
the conservation law of the detectable energy, due to the wave interaction-energy, and arises
in the large space-time region for light particles. In various processes Γ = 0, but P (d) 6= 0.
Then P (d) leads unusual phenomena in the forward direction which are forbidden from ΓT
term. P (d) appears significant in the extreme light particles.
The standard S-matrix, denoted as S[∞], is defined normaly with plane waves at T =∞,
under the adiabatic switch off of the interaction at T <∞ [9–15]. This uses the interaction
Hamiltonian e−ǫ|t|Hint and the limit T → ∞ first and ǫ → 0 next, and is mathematically
beautiful. This is applied to the non-normalizable states as well, and the decay rates and the
cross sections are computed and agree with those obtained from FQM and with experiments
in most cases. However, this is the method for computing the asymptotic values, and it is
a different matter if the experimental values have corrections from the asymptotic values as
pointed out in [16, 17]. In the previous papers, it was found that the physical values measured
in experiments are in fact subject to the corrections due to P (d) in various processes of light
particles. Reactions of the waves that overlap lead a value which varies with the boundary
conditions, and are not treated by the standard S[∞]. A naive calculation of the probability
in these situations without the adiabatic switching off of the interaction leads the divergence
1.This is a consequence of the approximation [1] by the plane waves, and does not occur in
1 This divergence is familiar but has not been paid much attention by researchers, and was explained in
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realistic case, where P (d) is finite. These transitions are understandable with P = ΓT +P (d),
and the fundamental parameters of the Lagrangian included in Γ are obtained only when
the analysis are made including P (d). If that were ignored, the consistent values would not
be obtained.
We investigate these subtle problems in transition processes of Quantum Electrodynamics
(QED). QED is the fundamental theory and understood well, and is valid in great precision
for the terms derived from the Fermi’s golden rule and the transition probabilities derived
from S[∞] [18, 19]. QED gives basis to wide area of natural science, and the new component
in the transition probability, regardless of its magnitude, influences the phenomena and our
understandings in a great extent. Moreover, the probability in the extreme forward direction
has not been clarified, and those in many processes are still unknown. Observations is
hard due to the ambiguity caused by the leftover incident particles. From the value of a
physical quantity P (θ) at an angle θ, the value limθ→0 P (θ) can be obtained. However,
P (d) is independent of this limit P (θ → 0), and is obtained by a direct observation there.
Hence the detection is hard, and P (d) has not been paid serious attention by researchers.
Nevertheless, the processes in nature follow the total probability ΓT + P (d), regardless of
the observability. P (d) is as important as ΓT .
In a potential scattering, the scattering-into-cones theorem [20] that the probability de-
pends on only angle has a correction, when the next order term proportional to 1
r2
becomes
non-negligible. This is similar to P (d).
The Thomson scattering, pair annihilation, and two photon scattering are fundamental
processes that determine and control many physical processes. Their probabilities are con-
sidered exactly known, and applied to wide phenomena. If they have new corrections, they
could modify some of the standard view on nature. Conversely, it is important to find P (d)
and to clarify its implications. P (d) is computed with FQM. Since a typical scale ~E
m2γc
3 is
large in dilute systems, where mγ is the photon’s effective mass in matter determined by
the plasma frequency, and much larger than the de Broglie length, macroscopic quantum
effects of intriguing properties in dilute systems are derived. These would be crucial for
environmental problems in such systems as atmosphere and others. In majority places the
natural unit ~ = 1, c = 1 is used.
This paper is organized in the following manner. In Section 2, the unique properties
Appendix of Ref.[1].
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of QCS in the particle decay in the extreme forward direction are presented. In Section
3, the S-matrix which incorporates the overlap of waves at a finite time interval, S[T ], is
introduced. To find the values, the states are described by normalized wave functions, the
wave packets, following FQM. The algebra of the wave packets and the formalism in the
two body scattering are summarized in Section 4. QED processes are studied in Section 5.
In Section 6 and 7 we study implications and summary. Connections of QCS and P (d) with
the principles of the quantum mechanics and the statistical mechanics are presented in the
Appendix.
II. QUASI-STATIONARY COMPOSITE STATES
A many-body wave function evolves following the Schro¨dinger equation, and becomes
a superposition of many-body states by an interaction Hamiltonian. The wave function is
composed of overlapping waves in the extreme forward direction of various unusual properties
such as a many-body interaction energy, a continuous kinetic-energy, and others, and of non-
overlapping waves. The latter has been studied well in the literature but the former has
not. This is an example of QCS and gives unusual transition probability there. Those of
decays studied in [1–3] are applied in a scalar theory. A brief summary gives insight to these
phenomena.
A system of a scalar field ϕ1(x) and ϕ2(x) described by an action
S =
∫
d4x(L0 + Lint), (2)
L0 =
1
2
∑
l
∂µϕl(x)∂
µϕl(x) + Lmass
Lmass = −1
2
∑
l
m2lϕl(x)
2,
wherem2 > 2m1 and Lint can be any polynomials of the fields, and an interaction Lagrangian
Lint = −g(ϕ2(x)ϕ1(x)2 + h.c.), (3)
where h.c. stands for the hermitian conjugate, is studied. An interaction Lagrangian given
in Appendix Eq.(C3) will be also studied. The energy-momentum tensor is given by the
mass and interaction terms,
Tµν =
∑
l
∂µϕl(x)∂νϕl(x)− gµν(Lmass + Lint). (4)
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The energy-momentum vector is the integral of the tensor
P ν =
∫
d~xT 0ν (5)
and the Hamiltonian H = P 0 describes the evolution of the state. The filed is expanded in
a set of momentum eigenstates,
ϕ(~x, t) =
∫
d~pei~p·~xρ(~p)a(~p, t) + h.c., ρ(~p) =
1√
(2π)32E(~p)
, (6)
[a(~p1, t1), a
†(~p2, t2)]δ(t1 − t2) = δ(~p1 − ~p2)δ(t1 − t2).
A wave function |Ψ(t)〉 follows a many-body Schro¨dinger equation
i~
∂
∂t
|Ψ(t)〉 = (H0 +Hint)|Ψ(t)〉, (7)
where H0 and Hint are defined from L0 and Lint of Eqs.(2) and (3), and a solution is written
with the operator U(t, t0) as
|ψ(t)〉 = U(t, t0)|Ψ(t0)〉. (8)
In the interaction representation,
U(t, t0) =
∫ t
t0
dt1T e−iHintt1/~ = 1 +
∫ t
t0
dt1
~
(−iHint(t1)) (9)
+
∫ t
t0
dt1
~
∫ t1
t0
dt2
~
((−i)2Hint(t1)Hint(t2)) + · · · ,
where T stands for the time-ordered product, and Hint(t) = e
iH0t
~ Hinte
−iH0t
~ .
In the renormalizable field theory, the divergences due to the high frequency fluctuations
in the intermediate states, which have origins in the short distance regions and have universal
properties, are absorbed to the renormalized constants. Using the effective Lagrangian
written with these constants and fields, they are taken into account. We study the physical
effect of the long distance fluctuations, which appear even in the tree levels. Accordingly we
focus on the amplitudes in the tree levels.
A. A wave packet
A simplest normalized function that follows the free Schro¨dinger equation Hint = 0 in
Eq.(7) is a Gaussian wave packet of a central momentum ~P0, position ~X0 and a time T0.
That is expressed in the momentum representation by
〈t, ~p|~P0, ~X0, T0〉 = (σ
π
)3/4e−iE(~p)(t−T0)−i~p·
~X0−
σ
2
(~p−~P0)2 , (10)
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where σ shows a size in space and the energy is given by a relativistic form, E(~p) =√
~p2 +m2. The function retains its shape and is also a Gaussian form in ~p at t ≥ T0.
A set of the wave packets of the continuous center position and momentum is complete [8]
and satisfies ∫
d ~X
d~P
(2π)3
|~P , ~X, T 〉〈~P, ~X, T | = 1. (11)
The wave function in the coordinate representation is obtained by a Fourier transformation
〈t, ~x|~P0, ~X0, T0〉 =
∫
d~p〈~x|~p〉〈t, ~p|~P0, ~X0, T0〉, (12)
〈~x|~p〉 = (2π)−3/2ei~p·~x
and becomes also a Gaussian form in ~x around a new center
w(~P0, ~x, t; ~X0) = Ne
− 1
2σ
(~x− ~X0−~v0(t−T0))2e−iE(
~P0)(t−T0)+i ~P0·(~x− ~X0), (13)
N = (πσ)−3/4, ~v0 =
∂
∂pi
E(~p)|~p=~P0
at a small t− T0 region. Thus the wave function keeps the shape and moves with a velocity
~v0. At a large t− T0, the function expands.
Since the wave functions Eq.(13) decrease rapidly with |~x− ~X0−~v0(t−T0)| and vanish at
|~x− ~X0 − ~v0(t− T0)| → ∞, they are normalized and satisfy the boundary conditions of the
experiments. The states are normalized and are appropriate for a complete set, as f(~x, t) of
a latter section Eq.(89). The transition probability for the particles prepared at the initial
time Ti and observed at the final time Tf of T = Tf −Ti, is computed rigorously from FQM.
A set of creation and annihilation operators
A†(~P , ~X, T0, σ1) =
∫
d~pa†(~p)〈t, ~p|~P , ~X, T0〉 (14)
A(~P , ~X, T0, σ1) =
∫
d~p〈~P , ~X, T0|~p, t〉a(~p, t)
forms a complete set of many-body states, and is used to construct S[T ] [8]. Wave packets
for a spinor and a vector field are formed in similar manners.
B. Quasi-stationary composite states
A wave function of a decaying system evolves following Eq.(7), and the solution Eq.(8)
is obtained uniquely in the lowest order of the coupling strength g. A time-dependent state
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of a heavier field ϕ2 of the energy and momentum (E2(~P ), ~P ) and a two-particle state of
lighter field ϕ1 at T is expressed by the wave function,
|Ψ(T )〉 = a0(T )|ϕ2〉+ |Ψ2(T )〉 (15)
|Ψ2(T )〉 =
∫
dβfβϕ2|β〉 (16)
where a0(t) is a c-number, and the amplitude fβφ2 is given from Eq.(7) [5, 6] in the form,
fβϕ2 = −i
∫ T
0
dt〈β|Hint(t)|ϕ2〉 = iD(ω, t)Fϕ2,β(ω), (17)
D(ω, T ) =
∫ T
0
dte−iωt, Fϕ2,β(ω) = 〈β|Hint(0)|ϕ2〉, ω = Eβ −Eϕ2 .
For a normalized state
|ϕ2〉 = A†(~P , ~X, σ2)|0〉, (18)
the momentum and the energy spread. At a large σ, the energy and momentum are ap-
proximated well with their central values, and the QCS is easily studied. So we present this
hereafter. Ψ2 is the two particles states
|Ψ2(T )〉 = −ig
∫
d~p1d~p2
∫
dtd~xρ(~p1)ρ(~p2)
ei((E(p1)+E(p2))t−(~p1+~p2)~x)w(~P , ~x, t; ~X)a1(~p1)
†a1(~p2)
†|0〉, (19)
of the finite norm
〈Ψ2(T )|Ψ2(T )〉 =
∫
d~p1d~p2|Fϕ2,β(ω)|2|D(ω, T )|2, |D(ω, T )|2 = 4 sin2(
ωT
2
)/ω2. (20)
D(ω;T ) has a peak at ω = 0, and a tail at ω 6= 0 including ω = ∞. Accordingly the state
|Ψ2(T )〉 has two components
|Ψ2(T )〉 = |Ψ(2,p)(T )〉+ |Ψ(2,w)(T )〉, (21)
where |Ψ(2,p)(T )〉 satisfies ω ≈ 0, and |Ψ(2,w)(T )〉 satisfies ω 6= 0. The norm of |Ψ2,p(T )〉 is
〈Ψ(2,p)|Ψ(2,p)〉 = ΓT,Γ = |Fϕ2,β(0)|22πρ˜(0), (22)
where |D(ω, T )|2 approximately agrees with Dirac’s delta function [4, 5],
|D(ω, T )|2 = 2πTδ(ω), (23)
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and ρ˜(0) is the density of the two particle states at ω = 0. The square of norm of Ψ(2,w)(T ),
〈Ψ(2,w)|Ψ(2,w)〉 = P (d) =
∫
ω 6=0
d~p1d~p2|Fϕ2,β|2|D(ω, T )|2 (24)
includes ω = ∞ and a term that is independent of time at T → ∞ [21]. The norm of the
parent at T is
|a0|2 = 1− TΓ− P (d), (25)
and is affected by both components. In a small T , the integral Eq.(24) is not a constant, but
varies steeply to reach the constant [1, 2]. The QCS and its physical effects appear rapidly
and remain. Depending on the following interaction energy,
Eint = 〈Ψ(T )|Hint|Ψ(T )〉 =
∫
d~p1d~p2ω|Fϕ2,β(ω)|2|D(ω, T )|2, (26)
the state is written generally as
|Ψ(T )〉 = |Ψ(p)(T )〉+ |Ψ(w)(T )〉 (27)
〈Ψ(p)||Hint|Ψ(p)〉 = 0, 〈Ψ(w)Hint|Ψ(w)〉 6= 0,
now,
|Ψ(p)(T )〉 = a0(T )|ϕ2〉+ |Ψ(2,p)(T )〉, |Ψ(w)(T )〉 = |Ψ(2,w)(T )〉. (28)
The state |Ψ(p)(T )〉 represents the separating parent and daughters and is characterized by
the rate Γ. This shows the reaction of rapidly separating waves and follows the Markov
nature of the decay [22–27]. Γ is computable with the method of switching off of the
interaction.
|Ψ(w)(T )〉 represents the state of the finite interaction energy and is characterized by the
time-independent probability P (d), which represents the reaction of the interacting waves.
Ψ(w)(T ) is a correlated state similar to a stationary state, and gives significant effect if P
(d) is
large, which was found the case for light particles [1–3, 16, 28]. From this component, unusual
phenomena occur and finite observable quantities are derived. Ψ(w)(T ) is a quasi-stationary
composite states (QCS) of features; (1) macroscopically extended, (2) the continuous spec-
trum of kinetic energy, (3) T -independent norm, Eq.(24), (4) finite interaction energy. QCS
accompany the decaying states in the normal cases.
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In an interaction Eq.(C3),
Fϕµ,β(0) = 0,Γ = 0 (29)
Ψϕµ,p = 0,
the rate vanishes. The particles in the wave function
|Ψ(T )〉 = a0(T )|ϕ2〉+ |Ψ(2,w)(T ), (30)
|a0(T )|2 = 1− P (d)
do not separate, but overlap with the constant probability. This state is not stationary
and varies with time, but the probability is time-independent. QCS does not accompany a
normal component of the decaying particles.
C. Correlations of QCS
1. Off diagonal order
QCS Eq.(15) is characterized by the correlation functions of the fields,
D2(x1, x2) = 〈0|ϕ1(x1)ϕ1(x2)|Ψ〉, (31)
which becomes from Eq.(15)
D2(x1, x2) = ig
∫
d~p1d~p2
∫
dtd~xρ(~p1)
2ρ(~p2)
2 (32)
ei((E(p1)+E(p2))t−(~p1+~p2)·~x−p1·x1+p2·x2)w(~P , ~x, t; ~X).
Thus QCS is highly correlated in space-time positions, and shows unusual behaviors. QCS
has the continuous energy and mass spectrum, and is not manifestly invariant under the
Poincare transformation. The probability P (d) reflects these properties and are not mani-
festly invariant. Under the Lorentz transformation of the whole system, the probability is
invariant. Further account on the space-time symmetry of QCS was given in [2]. QCS is
different from a bound state (BS), which is tightly bound stationary state in microscopic
scale and behaves as a particle in covariant manner under the Poincare transformation.
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2. Energy-momentum of QCS
The Ψ(w)(t) has a continuous kinetic-energy unique to the overlapping waves different
from that of an isolated particle.
Energy-momentum
The expectation values of the total kinetic and interaction energies from Eq.(15)
〈Ekin〉 = 〈Ψ|H0|Ψ〉, (33)
〈Eint〉 = 〈Ψ|Hint|Ψ〉,
are
〈Ekin〉 = E2(~P )− 〈Eint〉, (34)
〈Eint〉 =
∫
ω 6=0
d~p1d~p2(Etotal − E(~p1)− E(~p2))|D(ω, T )|2|Fϕ2,β(ω)|2,
= 2
∫
d~p1(
Etotal
2
− E(~p1))
∫
d~p2|D(ω, T )|2|Fϕ2,β|2, (35)
where Etotal is the total energy and agrees with E2(~P ). In the last part, a symmetric nature
of the two particle wave function was used. Thus the interaction energy depends on the
single particle spectrum.
Single particle spectrum
A single-particle distribution of the particle ϕ1 is given by the spectrum of the other from
Eq.(20) as
dP (~p1)
d~p1
=
∫
ω 6=0
d~p2|D(ω, T )|2|Fϕ2,β(ω)|2. (36)
The integrand at |~p2| → ∞ is most important, [1, 2], for this spectrum and the wave
interaction-energy from Eq.(35). The average energy was found about a half of the kinetic-
energy conserving value. This shows a kind of Virial theorem. Thus the interaction energy
is positive, and the total energy Etotal is larger than an energy estimated from the single-
particle distribution by about a factor two.
Space-time symmetry of QCS
QCS is a superposition of continuous mass of a spectrum ρqcs(m
2),
|Ψ;QCS〉 =
∫
dm2ρqcs(m
2)|Ψ;P 2 = m2〉, (37)
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where P 2 = (E1 +E2)
2− (~p1 + ~p2)2. This mass is that of the visible energy and momentum
as is shown later. Thus the visible energy and momentum does not reveal Lorenz invariant.
This differs from a bound state, which belongs to an irreducible representations
|Ψ;Pµ〉 = U(Λ)|Ψ;Pi = 0〉, (38)
P 2 = M2.
3. Order parameter of QCS
QCS is the state that has an expectation value of the interaction Hamiltonian
Oqcs = 〈Ψ|Hint|Ψ〉. (39)
Accordingly, Oqcs is an order parameter for QCS. A state is QCS if Oqcs 6= 0, and is not if
Oqcs = 0. Ψ(w)(x) in Eq.(27) and Ψ(x) in (30) have Oqcs 6= 0 and are QCS, but Ψ(p) has
Oqcs = 0, and is not. QCS in scattering processes are also identified by this order parameter.
If all the states of Eq.(7) at t → ∞ have the value Oqcs = 0, QCS does not appear. These
states are particle-like states that conserve the kinetic energy.
In the adiabatic switching off of the interaction, it follows that
Oqcs = lim
t→±∞
〈Ψ|e−ǫ|t|Hint|Ψ〉 = 0. (40)
Accordingly all the asymptotic states are particle-like states that satisfy the kinetic energy
conservation. It is noted that these are derived from the particular interaction that vanishes
in the asymptotic regions. In the general situation, the interaction does not vanish there,
and remains. It is a dynamical problem if there remain the states of Oqcs 6= 0. The scattering
in the space of Oqcs = 0 is described by the method of the adiabatic switching off of the
interaction, and the transition amplitude and the probability are computed with this. If the
state of Oqcs 6= 0 is included in the final state, that contributes to the transition, and must
be included. The methods of Qqcs = 0 is not exact and gets corrections for the scattering
that includes QCS. This problem arises in the tree level of the perturbative expansion, and
is not related with the higher order corrections. To clarify and solve this problem, we study
without assuming the adiabatic switching off of the interaction. Accordingly, the method of
Tomonaga-Schwinger-Feynman [29–31] developed for studying the higher order corrections
in QED for Qqcs = 0 is not useful now. In the tree level, the Schro¨dinger equation has no
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ambiguity, and is best for the study of QCS and P (d). Hence, we study the wave functions
from the Schro¨dinger equation of the interaction Hamiltonian Hint instead of e
−ǫ|t|Hint, and
study QCS and its effects. The transitions to the QCS, which are not derived from the
method of the adiabatic switching off, are studied and their probabilities are computed.
D. Phase of the wave function
A plane wave in relativistic systems ei(E(~p)t−~p·~x) behaves at p = |~p| = ∞, and ~x = ct~n,
~n = ~p
p
, particular way. The energy agrees approximately E(~p) =
√
~p2 +m2 ≈ p + m2
2p
, and
the phase factor agrees with m
2t
2p
. This vanishes in the limit p→∞. Hence, a superposition
of waves of the infinite momentum becomes singular. A combination of the phases
φ = (Ei − Ef)t− (~pi − ~pf) · ~x (41)
also satisfies
φ→ 0, pf →∞, (42)
|~x| = ct.
These waves become real. The singular behavior in the extreme forward direction, remains
even at t→∞. Now this wave function varies with time and is different from the stationary
states. In the system of many-body interaction, they have the interaction energy. Hence
the kinetic energy becomes less than the total energy. These are quasi-stationary composite
states (QCS).
At a finite angle between ~x and ~p, the above cancellation of the phases does not occur.
The phase varies rapidly with the distance, and the overlap integral vanishes immediately.
The final states separate quickly and do not return to the initial state. The each state
behaves like a particle, and the probability is described by the Fermi’s golden rule. The
state follows the exact kinetic energy conservation. We will see that the two components of
the waves are connected with two components of the probability as in Table 1.
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Probability Phase change Phase magnitude Particle or Wave
ΓT time dependent phase large particle
P (d) time independent phase small wave
TABLE I. Two components of the probabilities ΓT and P (d) and wave functions
E. Norm of QCS
From the norm of QCS, a size of the Hilbert space of QCS is found. The operator in
Eq.(8) is unitary, U †(t, t0)U(t, t0) = 1, and is written for |U(t, t0)| ≈ 1, as
U(t, t0) = 1 + iK(t, t0), K(t, t0) =
∫ t
t0
dt1K˜(t1) (43)
i(K(t, t0)−K†(t, t0)) +K(t, t0)K†(t, t0) = 0,
where K˜(t1) = Hint(t1) +
∫ t1
t0
dt2Hint(t1)Hint(t2) + . . . , is the integrand of K(t, t0). Substi-
tuting a one-particle state |α〉 and a complete set |n〉, we have the matrix elements,
〈n|K(t, t0)|α〉 = D(δt, ω)〈n|K˜(t0)|α〉, ω = Eα −En, δt = t− t0 (44)
〈α|K(t, t0)K†(t, t0)|α〉 = |D(δt, ω)|2〈|α|K˜(t0)|n〉|2,
and
〈α|K(t, t0)−K†(t, t0)|α〉 = −i|D(δt, ω)|2〈|α|K˜(t0)|n〉|2. (45)
1. Effect of ΓT : T-dependent norm
D(δt, ω) for large δt and ω ≈ 0 follows the kinetic energy conservation,
D(δt, ω) = 2πδ(ω), (46)
|D(δt, ω)|2 = δt2πδ(ω),
and
2Im〈α|K(t, t0)|α〉 = 2πδ(0)Γ = δtΓ, (47)
where
Γ = 2π
∫
dβfδ(ω)|〈βf |K˜(t0)|α〉|2. (48)
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From unitarity, at an arbitrary δt,
|〈α|U(t, t0)|α〉|2 = 1−
∫
β 6=α
dβ|〈β|U(t, t0)|α〉|2. (49)
In a case of small |K(t, t0)|,
|〈α|U(t, t0)|α〉|2 = 1−
∫
β 6=α
dβ|〈β|U(t, t0)|α〉|2 = 1− δtΓ. (50)
In a case of larger |K(t, t0)|, and |〈α|U(t, t0)|α〉| ≫ |〈β|U(t, t0)|α〉|, ignoring the off-diagonal
matrix element for a positive small t′ − t,
|〈α|U(t′, t0)|α〉|2 = |〈α|U(t′, t)U(t, t0)|α〉|2 = |〈α|U(t, t0)|α〉|2(1− (t′ − t)Γ). (51)
Thus it follows for a large T that
|〈α|U(t+ T, t)|α〉|2 = e−TΓ, (52)∑
β 6=α
|〈β|U(t+ T, t)|α〉|2 = 1− e−TΓ. (53)
2. Effect of P (d):T-independent norm
The interaction Eq.(C3) gives a surface term to the action integral and does not affect
the equation of the motion. Nevertheless, that modifies the wave function and causes the
transition of the amplitude,
|〈βf |K˜(t0)|α〉| = 0, ω = 0. (54)
The probability that conserves the kinetic energy vanishes but that non-conserves does not.
The functions
D(t, ω) = fm(ω), (55)
|D(t, ω)|2 = |fm(ω)|2,
at a large t oscillates with t, and the average over ω is independent of t and smooth with
respect to the kinetic energy. For a small |K(t)|,∫
ω 6=0
dβ|〈β|U(t)|α〉|2 = P (d), (56)
|〈α|U(t)|α〉|2 = 1− P (d),
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which is not proportional to t but constant. In the case of a large K(t),∫
ω 6=0
dβ|〈β|U(t)|α〉|2 = P
(d)
1 + P (d)
, (57)
|〈α|U(t)|α〉|2 = 1
1 + P (d)
.
The probability that the initial state |α〉 remains is constant in time. This unique property of
QCS was identified in processes of violating the helicity suppression of the decay 0− → l+ ν
[1, 2] and of the Landau-Yang’s theorem in the decay 1+ → 2γ [3].
P (d) varies rapidly in an extremely small T region. The facts that its velocity is high and
the time scale is short were found in the particle decays. The scatterings studied later show
the same behavior.
3. Effect of Γ and P (d)
In general interaction, the amplitude does not vanish at ω = 0 and in ω 6= 0, and the
probability has ΓT and P (d). For the case P (d) ≫ ΓT , the probabilities are
|〈α|U(T )|α〉|2 = 1
1 + P (d)
e−ΓT , (58)∑
β,ω≈0
|〈β(n)|U(T )|α〉|2 = 1
1 + P (d)
(1− e−ΓT ),
∑
β,ω 6=0
|〈β(d)|U(T )|α〉|2 = P
(d)
1 + P (d)
,
where |β(n)〉 and |β(d)〉 are the kinetic-energy conserving and non-conserving states.
At a large ΓT ,
|〈α|U(T )|α〉|2 = 0, (59)∑
β,ω≈0
|〈β(n)|U(T )|α〉|2 = 1
1 + P (d)
,
∑
β,ω 6=0
|〈β(d)|U(T )|α〉|2 = P
(d)
1 + P (d)
,
The initial state disappears, and the final states include the states of conserving the kinetic-
energy and those of non-conserving it. The former has the kinetic energy Eα and the latter
has roughly Eβ ≈ Eα2 , [1]. In that case, the rate of the visible energy over the invisible
energy is
rvisible =
2
P (d)
, (60)
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which agrees with 1/5 for P (d) = 10, and vanishes in the limit P (d) → ∞. The substantial
energy is stored in the interacting waves in these cases.
F. Detection of QCS
The interaction of QCS with matters is governed by the interaction Hamiltonian of the
fundamental fields at the same or nearly the same positions. Accordingly the transition
amplitude is a convolution of integrals of these waves, and the probability is composed of
those that follows the Fermi’s golden rule Γ and the correction term P (d). The former has
the short typical scale of the de Broglie length ~
p
, and holds the conservation law of the
kinetic energy and momentum. The latter has the long scale of ~E
m2c3
, and does not conserve
the kinetic energy.
1. Interaction with microscopic states in a detector
A reaction of QCS with microscopic states is slightly different from that of the normal
states, and a QCS is not detected like a normal particle. Suppose an initial state |Ψ〉 is
a direct product of a microscopic state in the detector with a superposition of a normal
particle state and a QCS,
|Ψ〉 = |B〉 ⊗ [|C ′〉+ |ΨQCS(C, γ)〉]. (61)
B and C ′ is the particle state in a detector and in the beam, and the QCS composed of a
particle C and a photon is expressed by |ΨQCS(C, γ)〉. For simplicity, the interaction of C
with matters is assumed negligibly weak, and a photon interacts with B in the detector by
the interaction,
Hint(t) =
∫
d~xJµ(x)Aµ(x), J
µ = ψ¯B′(x)Γ
µψB(x), (62)
which is assumed local now. The transition amplitude for the state |Ψ〉 to react with a
microscopic state in the detector and to be transformed to a final state |out〉 is described by
M = 〈out|
∫
dtHint(t)|Ψ〉, 〈out| = 〈C| ⊗ 〈B′|. (63)
The particle state |C ′〉 and the QCS |ΨQCS(C, γ)〉 behave independently in the reactions.
The scattering of the former is described by a normal amplitude,
M = 〈out|
∫
dtHint(t)||B,C ′〉, (64)
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γ
B
B′
|ΨQCS(C, γ)〉
FIG. 1. Diagram that the photon in QCS interacts with the state B in the detector and is detected.
Other part of QCS does not interacts.
which depends upon the energies of B, B′, C, and C ′. That for QCS is,
MQCS = 〈out|
∫
dtHint(t)||ΨQCS(C, γ), B〉 (65)
= 〈B′|
∫
dtHint(t)|B, γ〉〈C|ΨQCS〉,
where the photon in QCS interacts with B, but others do not. That is expressed in Fig.1.
The interaction of the photon with B in solid is described by either the Fermi’s golden rule
, or the correction term. The former amplitude is proportional to the following integral over
the time that depends on the wave kinetic-energy proportional to its frequency,∫
dtei(EB+Eγ−EB′ )tFB,B′ ≈ 2πδ(EB + Eγ − EB′)ǫµF µB,B′ , (66)
F µB,B′ =
∫
d~x〈B′|Jµ(0, ~x)|B〉〈C |ΨQCS〉.
The photon’s kinetic energy is expressed from EB and EB′
Eγ = EB′ −EB. (67)
The transition amplitude depends upon the photon kinetic energy, and so does the probabil-
ity. The kinetic energy of C and the wave interaction energy decouple from the amplitude,
and are irrelevant to the transition. Thus the energy Eγ is detectable in the experiments,
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and is able to transfer to other states in the natural processes, but the rest is not. For the
transition amplitude by the correction term, Eq.(67) is replaced with
Eγ ≤ EB′ −EB., (68)
and the amplitude depends on the photon kinetic energy. If the particle C has some charge
that interacts with one of gauge fields, the kinetic energy of C is also detectable in experi-
ments and is able to transfer to other states. In general QCS composed of the constituent
particles that interact with an atom or a nucleus, their kinetic energy is detectable, but the
wave interaction-energy decouples and is not detectable.
The fact that the kinetic energy is extractable, but the interaction energy is not, is an
extension of a transmission law of the energy in classical mechanics. The kinetic energy of
a massive body is determined by the velocity, and its transmission to others is easily made
by a contact with another of lower velocity. Now the potential energy is determined by
the position, and is the same between two bodies in contact with each other, and does not
transmit directly. To transmit the potential energy, that is transferred to the kinetic energy
first. For instance, a potential energy of the water at a higher position is transferred first
to its kinetic energy, and is transmitted next to a turbine or others. That can be used for
generating an electricity in the hydro-electric generation. Similarly, the wave interaction-
energy of QCS does not appear in the transition amplitude, and is neither detectable with
a normal detector nor transmittable to other matter.
It is heuristic to make a comparison of QCS with BS. QCS is loosely bound, but BS is
tightly bound in a microscopic region of a finite energy gap and is a stationary state that
is stable under the Poincare transformation. The matrix element of an operator J(x) is
written by the four dimensional momentum,
〈BS; p1|J(x)|BS; p2〉 = ei(p2−p1)·x〈BS; p1|J(0)|BS; p2〉. (69)
This is valid for any operator and bound state that are composed of fundamental fields.
Furthermore, for a Poincare covariant state, the matrix element is described by an unitary
operator U(~p1,~0) as
〈BS; p1|J(0)|BS; p2〉 = 〈BS;~0|U †(~p1,~0)J(0)U(~p2,~0)|BS;~0〉. (70)
The kinetic energy and the interaction energy are not separable, and the amplitude is written
with the total one. The total energy is measured in BS, whereas the interaction energy is
separated and decouples from the transition and is not measured in QCS.
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For a weakly correlated state, such as QCS, the kinetic energy is separable from the
total energy, and is detected independently. The wave interaction-energy decouples and is
not detectable by the microscopic processes. An example is Feynman’s parton model for
a nucleon in deep inelastic scattering. That is expressed by three valence quarks and soft
sea quarks and anti-quarks and gluons. Their kinetic energies can be probed by the photon
or the weak bosons, but the wave interaction-energy is undetectable, and so is invisible.
That is like a missing energy. The interaction energy or a boost operator that includes the
interaction is non-detectable by the scatterings through the electroweak currents also.
Weakly correlated states appear in wide area. They include halos in nuclei, atoms,
molecules, and other larger physical systems such as the star and galaxy. It is challenging
to measure the wave interaction energy in these systems [32–34].
2. Interaction with a large wave in space
If B and B′ are not in the normal matter, but are extended in wide area, their interaction
with QCS is different from those of the previous case. Large P (d) may appear in their
processes, and determines the transition. Due to the positive semi-definite interaction energy,
these show the kinetic energy
ω = Eγ −EB′ + EB ≤ 0. (71)
The large sizes are realized in dilute systems, or in highly correlated quantum states such
as superconductor, super-fluid, and others. A magnetic field or an electric field can have
also large spatial extensions. These states keep coherence in macroscopic area, and may
couple with QCS. Large P (d) there may be detectable in laboratory or observable in natural
processes.
3. Coupling with gravity
Energy momentum tensor is composed of the kinetic part and the interaction part, which
is ignorable for uncorrelated plane waves 2 but is sizable for the wave interaction-energy
2 If the fields are normalized in a volume V , the integral of n-th power form of the fields is proportional to
V
2−n
2 , and vanishes for n ≥ 3 in V →∞.The interaction energy of QCS is in the forward angle does not
follow this, and remains.
20
stored in a QCS. Thus the energy momentum tensor is written as,
Tµν = T
(0)
µν + T
(d)
µν , (72)
where the first term is from the kinetic-energy of the waves and the second term is from the
wave’s interaction energy, which is positive from a Virial theorem in Sec.2.3. The former
is equivalent to those of the particle’s kinetic-energy and the latter is proportional to the
metric gµν .
T (0)µν = Tµν(matter), T
(d)
µν = gµνT (73)
The tensor Eq.(72) becomes a source of the gravitational field. The positive definite
energy-momentum tensor proportional to the metric gµν from QCS are added constructively,
and those of a macroscopic number can form a macroscopic gravitational field. Consequently
they affect a motion of a massive body there. Conversely the wave interaction-energy of
QCS affects the macroscopic motion of a massive object, but is not detected by the ordinary
measurement that uses the standard interaction. The ratio of the two components is
r =
T (0)
T (d)
=
2
P (d)
(74)
The wave interaction-energy gives the equivalent effects as a dark matter or a dark energy
[35].
4. QCS in successive transitions
In a cascade decay, multiple quasi-composite states are formed. QCS of the pion decay
π → µ+ ν1,
|π〉+ |µ, ν1〉, (75)
and that of the successive muon decay µ→ ν2 + ν3 + e,
|µ〉+ |e, ν2, ν3〉, (76)
form a hierarchical states
|Ψ〉 = |π〉+ |µ, ν1〉+ |e, ν1, ν2, ν3〉. (77)
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The sum of the kinetic energies Eµ, Ee, Eν1 , Eν2, Eν3 and the interaction energies among
these waves,
〈Ψ|Hint|Ψ〉, (78)
agrees with the energy of the initial state
Eπ = Eµ + Ee + Eν1 + Eν2 + Eν3 + 〈Ψ|Hint|Ψ〉. (79)
The last term is the wave interaction-energy, and carries the substantial amount of the total
energy. Three neutrinos were expressed as νi, i = 1, 2, 3
III. TWO-BODY SCATTERING
QCS formed in the many-body decays are formed also in the scattering. They are studied
by an S-matrix defined with the normalized functions S[T ], where T is the time-interval,
following FQM. S[T ] differs slightly from the standard one, denoted as S[∞]. S[∞] uses the
eigenstates of the free system that are invariant or covariant under the Poincare transfor-
mation for the initial and final states at the asymptotic time t = ±∞, where the interaction
switches off adiabatically. These waves are plane, and are not normalized. Hence their
transition probability can not be defined directly from FQM. In order to follow FQM, the
normalized functions, the wave packets, are necessary. S[T ] is such S-matrix and satisfies
the boundary conditions of the experiments and of the natural phenomena rigorously. The
plane waves used in the standard method are simplest and most convenient for the study
of the asymptotic values at T =∞, but are not for computing the probability at a finite T
rigorously. Scalar fields are studied in this section.
A. Scattering operator at a finite time
A transition probability from a state |α〉 of the energy Eα, to a final state |β〉 of the
energy Eβ, in a general situation including higher order corrections is expressed with S[T ]
defined later and the amplitude M [5, 6] in the form,
M = 〈β|S[T ]|α〉 (80)
which includes higher order effects [1–3, 16].
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Physical quantities at T are measured and computed precisely with Moeller operators
Ω±(T ) = lim
t→∓T/2
U(t)†U0(t), (81)
where
U(t) = e−iHt, U0(t) = e
−iH0t. (82)
Ω±(T ) satisfies
HΩ∓(T ) = −i(±) ∂
∂T
Ω∓(T ) + Ω∓(T )H0. (83)
Scattering operator at the finite time T is the product
S[T ] = Ω†−(T )Ω+(T ) (84)
and satisfies the commutation relation
[S[T ], H0] = +i((
∂
∂T
Ω−(T ))
†)Ω+(T )− iΩ†−(T )
∂
∂T
Ω+((T )). (85)
The right-hand size in Eq.(85) vanishes for the waves separating each others and the conser-
vation law of the kinetic energy holds. But the overlapping waves has the finite interaction
energy, and S[T ] does not commute with H0. The kinetic energy is detectable in experi-
ments, and conjugate to the time, and the non-conserved states modifies the probability.
The matrix element of S[T ] between the eigenstates of H0 has two terms,
〈β|S[T ]|α〉 = δǫ(Eα −Eβ)f(T )α,β + δf. (86)
where δǫ(δE) is the approximate delta function and the second term vanishes at the energy
Eβ = Eα. The total transition probability is a sum of these terms. When Eα and Eβ are
approximate energies of the states |α〉 and |β〉, it follows
(Eα − Eβ)〈β|S(T )|α〉 = 〈β|O(T )|α〉, (87)
O(T ) = +i((
∂
∂T
Ω−(T ))
†)Ω+(T )− iΩ†−
∂
∂T
Ω+(T ),
and
δf =
1
Eα −Eβ 〈β|O(T )|α〉, (88)∑
β
|δf |2 =
∑
β
(
1
Eα −Eβ )
2|〈β|O(T )|α〉|2 ≥ 0.
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S[T ] that satisfy the boundary conditions for a theory of a scalar field ϕ(x) are expressed
by expansion coefficients ϕf (t) of the field operator by
ϕf (t) = i
∫
d~xf ∗(~x, t)
←→
∂ 0ϕ(~x, t), (89)
where functions f(~x, t) are normalized and satisfy a free wave equation. The normalized
functions decrease fast in space, and a complete set of functions are specified by central
values of position and momentum. The state vector is also specified by both variables as
|~p, ~X〉. The matrix elements of S[T ] are defined as 〈~pi, ~Xi|S[T ]|~pj, ~Xj〉 and depend on the
position and momentum. A scattering at a finite-time interval T is defined with asymptotic
conditions
lim
t→−T/2
〈α|ϕf(t)|β〉 = 〈α|ϕfin|β〉, (90)
lim
t→+T/2
〈α|ϕf(t)|β〉 = 〈α|ϕfout|β〉,
where ϕin(x) and ϕout(x) satisfy the free wave equation and the states |α〉 and |β〉 are defined
with wave packets. The wave packets which have finite spatial sizes and decrease fast at
large |~x − ~X| ensure that the states are normalized, and that the transition probability is
computed following FQM. This ensures also the scattered waves in finite angles separate
rapidly and the asymptotic conditions at a finite T are satisfied naturally. The difficulty of
the plane waves and the stationary states does not arise, and transition probability including
P (d) is computed rigorously.
B. Probability formula
The probability amplitude from the state α at the time −T/2 to the state β at the time
T/2, 〈β|S[T ]|α〉 is written in the interaction picture as
〈β|S[T ]|α〉 = 〈β|U(T/2,−T/2)|α〉, (91)
The transition probability computed with FQM is finite, unique, and applicable to ar-
bitrary processes. In real processes, the particles or the waves have finite sizes and are
expressed by the normalized functions instead of plane waves [37]. They are specified by the
positions and momenta, and the expression becomes a little complicated. The simpler for-
mula are obtained from the plane waves, but they are the approximations and not rigorous.
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For two particle scatterings, the initial and final states specified by the central values of the
momentum and position (~pi, ~Xi), the time Ti, and the wave packet size σi are
α = (~p1, ~X1, Ti; σ1, ~p2, ~X2, Ti; σ2), (92)
β = (~p3, ~X3, Tf ; σ3, ~p4, ~X4, Tf ; σ4).
The amplitude
M(~p1, ~X1, Ti; σ1, ~p2, ~X2, Ti; σ2 → ~p3, ~X3, Tf ; σ3, ~p4, ~X4, Tf ; σ4), (93)
T = Tf − Ti,
depends on these values. For the interacting waves, the kinetic-energies of the states are
the visible energies in the ordinary experiments, as was shown in Section II F. Accordingly
the dependence of the probability on the kinetic-energy is measured in experiments. For
the initial and final states specified by the central values of the momenta and positions, the
physical quantities become dependent of these values generally. Large waves overlap and
have interaction energies, and the kinetic energy is not exactly conserved.
The total transition probability is written with the momentum and position variables
P =
∫ ∏
j=3,4
d~pj
d ~Xj
(2π)3
P (~pj, ~Xj , T ) (94)
P (~pj, ~Xj , Tj) = |M|2,
where the momentum is integrated over the whole region and the position is integrated over
the region of the detector. Due to QCS, M is decomposed into two components
M =M(n) +M(d) (95)
of satisfying
M(n); (96)∑
i=1,2
~pi =
∑
i=3,4
~pi,
∑
i=1,2
Ei(~pi) =
∑
i=3,4
Ei(~pi).
M(d); (97)∑
i=1,2
~pi 6=
∑
i=3,4
~pi,
∑
i=1,2
Ei(~pi) 6=
∑
i=3,4
Ei(~pi),
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and P is also decomposed into
P = ΓT + P (d), (98)
where Γ and P (d) are constant. The former shows the particle characteristics and the latter
shows the wave characteristics.
C. QCS of relativistic waves
The QCS included in the final state has the interaction energy of the waves. This energy
is not measured directly, from Section 2-F, but those measured by a standard detector is
the kinetic energy. A probability that a detected particle has a certain momentum is the
integral over the whole phase space of the undetected particles. That in Γ is in the finite
kinematic region from the conservation law of the kinetic energy, but that in P (d) covers the
infinitely large momentum and kinetic-energy. The unobserved states of the infinite kinetic
energy contribute to the measured probability, and generates also significant effects.
The importance of these un-measured states in the two body scattering is manifest in a
following example. Let the probability of the scalar fields of the masses m1, m2, m3, and
m4, P (~p1, ~p2; ~p3, ~p4; ~Xi), for given momenta in the initial state, ~p1, ~p2 and ~p3, ~p4 in the final
states [38]. Now infinitely large |~p3| or |~p4| can give finite contribution to the transition
probability. Those for finite |~p3| and |~p4|, the energy difference ω = E1 + E2 − E3 − E4 is
finite. Thus P (d) = 0, but for a certain ~p3, and undetected ~p4
P (~p3) =
∫
d~p4P (~p1, ~p2; ~p3, ~p4; ~Xj), (99)
which include |~p4| = ∞, and ω = ∞, and P (d)(~p3) 6= 0 generally. Similarly |~p3| = ∞ leads
the probability P (d)(~p4).
The infinite momentum state has a universal property in the relativistic invariant system.
The light-cone singularity links these states with P (d). For the case that the interaction
Hamiltonian Hint(t) is written by a source J(x) and a scalar field ϕ3
Hint(t) =
∫
d~xJ(t, ~x)ϕ3(t, ~x), (100)
the amplitude is written as
M = −i
∫
dt〈~p3, ~p4|Hint(t)|~p1, ~p2〉 (101)
= −i
∫
d4x〈~p4|J(x)|~p1, ~p2〉eip3·x〈~p3|ϕ3(0,~0)|0〉.
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The probability is written with the correlation function
∫
d~p4|M|2 =
∫
d4x1d
4x2∆(x1 − x2)eip3·(x2−x1)|〈~p3|ϕ3(0,~0)|0〉|2, (102)
∆(x1 − x2) =
∫
d~p4〈~p1, ~p2|J†(x2)|~p4〉〈~p4|J(x1)|~p1, ~p2〉.
The |~p4| =∞ component induces the light-cone singularity
i
4π
δ((x1 − x2)2)ǫ(t1 − t2) (103)
in ∆(x1 − x2), as is shown in Appendix, in the kinematic region
(p1 + p2)
2 +m23 −m24 ≥ 2p3 · (p1 + p2) (104)
In the rest system of the particle 2,
~p1 = (0, 0, p
z
1), ~p2 = (0, 0, 0), (105)
s+m23 −m24 ≥ 2E3(E1 +m2)− 2|~p3|pz1 cos θ,
s = (p1 + p2)
2, (106)
where θ is the angle between ~p1 and ~p3, and
s+m23 −m24 + 2|~p3|pz1 − 2E3(E1 +m2) ≥ 2|~p3|pz1(1− cos θ). (107)
In the high energy collision of a large pz1, where masses are negligible, the angle satisfies
|1− cos θ| ≤ m2(p
z
1 − E3)
|~p3|pz1
, (108)
and |~p3| satisfies
|~p3| ≤ m2p
z
1
2pz1(1− cosθ) + 2m2
. (109)
|~p3| can be arbitrary in this region.
In the center of mass frame, the relations are slightly changed.
The explict calculations are presented in the following sections.
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D. Vertex of scalar fields
1. Transition amplitude and probability
General vertex parts of the particles i, j, k described by symmetric wave packets of sizes
σi, σj, σk (110)
of an interaction gϕi(x)ϕj(x)ϕk(x) and have the four-dimensional momenta and and the
space positions and the time, and masses
(En, ~pn, ~Xn, Tn;mn)(n = i, j, k) (111)
has been presented in [8], and is briefly summarized here. i, j, k are chosen from 1, 2, 3 of the
previous section. The vertex part in the transition amplitude of i to j and k is an integral
over (t, ~x)
V (i→ j + k) = g
∫
dt
∫
d~xe
− 1
2σs
(~x−~x0)2−
1
2σt
(t−t0)2eR+iφ (112)
= g(2πσs)
3/2(2πσt)
1/2eR+iφ
for finite values of σs and σt. They are given in the expressions
1
σs
=
1
σi
+
1
σj
+
1
σk
, (113)
1
σt
=
v2i
σi
+
v2j
σj
+
v2k
σk
− σs(~vi
σj
+
~vj
σj
+
~vk
σk
)2.
The center position ~x0(t) is
~x0(t) = ~x0(0) + ~v0(t− T0), (114)
~x0(0) is the position at t = 0 determined by the momenta, positions and times. The average
velocity ~v0 is,
~v0 = σS(
~vi
σi
+
~vj
σj
+
~vk
σk
). (115)
R and φ in the exponent are
R = Rtrajectory +Rmomentum, (116)
Rtrajectory = −
∑
l
1
2σl
~˜Xl
2
+ 2σs(
∑
l
1
2σl
~˜Xl)
2 + 2σt(
∑
l
(~v0 − ~vl) · ~˜Xl
2σl
)2,
Rmomentum = −σt
2
(δE − ~v0δ~p)2 − σs
2
(δ~p)2, (117)
δE = Ei(~pi)− Ej(~pj)− Ek(~pk); δ~p = ~pi − ~pj − ~pk,
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where ~˜Xl = ~Xl − ~viTl. φ is a function of the momenta ~pl and posions ~Xl,
φ = φ0 + φ1 (118)
φ0 =
∑
l
(±)(~pl ~Xl −E(~pl)Tl),
φ1 = −2σt(
∑
l
(~v0 − ~vl) · ~˜X l
2σl
)(
∑
l
(±)(~v0 · ~pl − E(~pl)))
−2σs(
∑
l
(±)~pl) · (
∑
l
~˜X l
2σl
),
where + shows the in-coming sate and − shows the out-going state.
2. Infinite σt
In configurations that the σs and σt are small, the waves overlap in the small regions.
Their transitions at T ≫√σt are described by the probability from the Fermi’s golden rule,
and the correction term is negligible P (d) ≈ 0. Now, there are special situations that the
waves overlap wide area, and σt =∞.
1.σi = finite, σj = σk =∞ (119)
2.σi =∞, σj, σk = finite, ~vj = ~vk = ~v (120)
The first case is trivial. In the second case, it follows that
~v0 = ~v,
1
σs
=
∑
i
1
σi
, (121)
1
σt
= v2
∑
l
1
σ l
− σs
∑
l
(
1
σ l
)2v2 = 0.
Then the waves overlap in the large area, and P (d) becomes finite. The energy conservation
is modified from Eq.(117) to
(Ei −Ej − ~v · (~pi − ~pj))−Ek = 0, (122)
for given non-vanishing ~pi − ~pj. The energy difference satisfies
Ei − Ej − Ek = ~v · (~pi − ~pj) (123)
and the solution of |~pj| → ∞ appears and gives the finite P (d).
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3. Exchange of on-shell state
A two-body scattering 2 + 2′ → 1 + 1′ is a combination of coherent processes of a decay
of the particle 2 to a particle 1 and intermediate state 1i
2→ 1 + 1i, (124)
and a subsequent reaction
1i + 2′ → 1′. (125)
The transition amplitude is written with the correlation function of 1i, G(0)(1i; x1, x2) as,
M(2 + 2′ → 1 + 1′) = g2
∫
d~x1d~x2V (2, 1, 1
i; x1)G
(0)(1i; x1, x2)V (2
′, 1i, 1; x2),
G(0)(1i; x1, x2) =
∫
d~p1i
2E(~p1i)
eip1i ·(x1−x2), (126)
where G(0)(1i; x1, x2) is that of the on mass-shell states. The light-cone singularity δ((x1 −
x2)
2)ǫ(t1 − t2) included in the propagator G(0)(1i; x1, x2), which is long-range in the time
difference |t1 − t2| and gives the amplitude,
g2
∫
d4x1d
4x2V (2, 1, 1
i; x1)ǫ(t1 − t2)δ((x1 − x2)2)V (2′, 1i, 1; x2).
(127)
The amplitude is written generally as
g2
∫
d4x1V (2, 1, 1
i; x1)
∫
d4x2
∫
d~p1i
2E(~pi)
e
ip1i ·(x1−x2)−
1
2σs
(~x2−~x2,0)2−
1
2σt
(t2−t2,0)2+R2+iφ2 ,
(128)
where ~x2,0, t2,0, R2, φ2 are the functions of the variables and obtained in a similar manner as
before. After the integration over x2, we have the amplitude,
g2
∫
dx1V (2, 1, 1
i; x1)
∫
d~p1i
2E(~p1i)
(2σsπ)
3/2(σtπ)
1/2eip1i ·(x1−x2)+R2+iφ2 . (129)
The modulus of amplitude decreases rapidly as |~p1i − ~p(0)1i | → large, where ~p(0)1i is the central
momentum, from R2. For the plane waves of 2 and 1 at the position x1, the amplitude
becomes
g2
∫
dx1e
−i(p2−p1)x1
∫
d~p1i
2E(~pii)
(2σsπ)
3/2(σtπ)
1/2eipi·(x1−x2,0)+R2+iφ2. (130)
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The amplitudes Eq.(129) and (130) includes 2→ 1 + 1 studied in Section 2.
The probability of the two-body scattering is computed from
|M(2 + 2′ → 1 + 1′)|2. (131)
In a particle zone of the first vertex, V (2, 1, 1i; x1)V
∗(2, 1, 1i; x′1) decreases rapidly with
|x1 − x′1|, and the probability is a product of two probabilities of conserving the kinetic
energy. Hence the total probability is given by the factorized product of the probabilities
∑
i
|M(2→ 1 + 1i)|2|M(1i + 2→ 1)|2, (132)
where each term is expressed by Γ. In a wave zone, V (2, 1, 1i; x1)V
∗(2, 1, 1i; x′1) decreases
slowly with |x1 − x′1|, due to the state of the large energy E1i , and the probability is not
written by the factorized form, but by
|
∑
i
M(2→ 1 + 1i)M(1i + 2→ 1)|2. (133)
of two components of Γ and P (d).
In a process where 1i is detected, the probability becomes the product Eq.(132), but that
becomes Eq.(133) in a process that 1i is not detected.
IV. THOMSON SCATTERING
The processes of QED have been studied normally with the Fermi’s golden rule, and P (d)
has not been included. This section studies QCS and P (d) of Thomson scattering.
Scatterings of the electron and the photon in finite angles in vacuum are described by
the Thomson cross section, where the electron mass is the only quantity of mass dimension,
other than each energy, and the cross section in the low energy is proportional to m−2e , and
agrees with the value derived from the classical electrodynamics of a point charge [39]. Now,
in the extreme forward angle, due to QCS, the transition probability has another term P (d)
which is determined by the ranges in space covered by the wave functions, σγ and σe, and
the electron mass. σγ is determined by the mean free path of charged fields, and is large in
the dilute systems. Accordingly, P (d) is enhanced and can be even larger than ΓT . Their
physical effects have implications to broad phenomena.
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The amplitudes in a tree level, i.e., the lowest order in ~, in low energy are evaluated easily
with the local effective Lagrangian obtained by an expansion with respect to the coupling
constant of
L = ψ¯(x)(pγ −me)ψ(x)− eψ¯(x)γµψ(x)Aµ(x)− 1
4
FµνF
µν . (134)
The low energy photon electron scattering is a fundamental process connected with many
phenomena in wide area and their probabilities determine evolution of the physical states,
and expectation values of physical observables.
A. Effective low energy Lagrangian
The effective action of the electron and the photon in the low energy region is described
by
Sint = −e2
∫
d4xd4yψ¯(x)γµSF (x− y)γνψ(y)Aµ(x)Aν(y), (135)
where SF (x− y) is the electron propagator. Expanding the fields at y around x, we have
Sint = −e2
∫
d4xd4yψ¯(x)γµSF (x− y)γν(ψ(x) + (y − x)α ∂
∂xα
ψ(x) + . . . )Aµ(x)
(Aν(x) + (x− y)β ∂
∂xβ
Aν(x) + · · · ), (136)
and its lowest dimensional term
Sint = −e2
∫
d4xd4(y − x)ψ¯(x)γµSF (x− y)γνψ(x)Aµ(x)Aν(x) (137)
= −e2/me
∫
d4xψ¯(x)γµγνψ(x)A
µ(x)Aν(x)
= −e2/me
∫
d4xψ¯(x)ψ(x)Aµ(x)A
µ(x),
where ∫
d4(x− y)SF (x− y) = 1
me
(138)
was substituted. From the Bose statistics, the symmetric part in µ, ν is taken in the final
part of the above equation. The gauge invariant expression is
−1/me
∫
d4xψ¯(x)γµ(pµ + eAµ(x))γν(pν + eAν(x))ψ(x) (139)
= −1/me
∫
d4xψ¯(x)[σµν2[pµ, eAν(x)] + (pµ + eAµ(x))(p
µ + eAµ(x))]ψ(x),
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where the first term is the asymmetric part in µ, ν and the second one is the symmetric one.
The cross section from Eq.(139) in the low energy limit agrees with the classical Thomson
cross section
σThomson =
4π
3
r2e , re =
α
me
. (140)
B. Many-body Schro¨dinger equation
A solution of the Schro¨dinger equation of the interacting system
i~
∂
∂t
Ψ(t) = (H0 +Hint)Ψ(t), (141)
Hint = −
∫
d~xLint,
in the lowest order of the above interaction is decomposed uniquely into the kinetic-energy
conserving term and non-conserving one
Ψ(t) = Ψp(t) + Ψw(t), (142)
Ψp(t) = a0(t)|Ψ(0)〉+
∫
ω=0
dβei
ωt
2 2i
sin ωt
2
ω
|β〉〈β|Hint|Ψ(0)〉,
Ψw(t) =
∫
ω 6=0
ei
ωt
2 2i
sin ωt
2
ω
|β〉〈β|Hint|Ψ(0)〉.
The kinetic-energy conserving state, Ψp(t), gives the probability proportional to the time
interval and is taken into account in a standard treatment of the scattering. Those of non-
conserving the kinetic energy, Ψw(t), gives the constant term in the time interval, and is
ignored normally. That is included here.
For a normalized two-particle states of the electron and photon at t = 0
Ψ(0) = A†(~pγ, ~Xγ, ǫγ , σγ)B
†(~pe, ~Xe, se, σe)|0〉, (143)
where A†(~pγ, ~Xγ, ǫγ , σγ) and B
†(~pe, ~Xe, se, σe) are the creation operators of the photon and
the electron of the momentum, position, and spin ǫγ and se. Their interaction energy is
given by
Eint = 〈Ψ(t)|Hint|Ψ(t)〉 (144)
=
∫
dωD(ω)ω|〈β|Hint|Ψ(0)〉|2,
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which is positive definite. Due to this interaction energy, the kinetic energy of QCS is less
than the total energy. The detectable energy in the final states is the waves kinetic energy,
and is less than the total energy. The interaction energy is invisible. It should be noted that
an energy Eint is divergent if all the waves were plane waves. This unphysical divergence
appears because the plane waves are not normalized, and is an artifact of the approximation.
This does not occur in physical processes, where the range in space covered by the wave
functions are finite, and the wave functions are normalized. The finite Eint derived from the
Schro¨dinger equation has universal natures and physical implications.
C. One small wave-packet and three large wave packets; (1,3) case
In the case that the initial states and one of the final states are plain waves and a photon
in the final state has small size, (1, 3) case, the transition amplitude is given by
M = − e
2
me
∫
d4x〈pe,2|J(x)|pe,1〉〈~kγ,2, ~Xγ, Tγ|Aµ(x)Aµ(x)|~k1〉,
J(x) = ψ¯(x)ψ(x), (145)
where the states vectors and the matrix elements [3] are,
〈~kγ, ~Xγ , Tγ|Aµ(x)|0〉
= Nγ
∫
d~k2ργ(~k2)e
−
σγ
2
(~k2−~kγ)2+i(E(~k2)(t−Tγ )−~k2·(~x− ~Xγ))ǫµ(~k2), (146)
〈~k1|Aµ(x)|0〉 = ργ(~k1)ǫµ(~k1)ei(E(~k1)t−~k1·~x),
〈pe,2|J(x)|pe,1〉 = (2π) 32ρe,1(~pe,1)ρe,2(~pe,2)u¯e(~pe,1)u(~pe,2)
e−i((Ee,1−Ee,2)t−(~pe,1−~pe,2)·~x).
σγ is the range in space covered by the nucleus or atomic wave function that the photon
interacts with, which depends on the environment, and is estimated later. Γ is independent
of σγ , but P
(d) depends on it. For the sake of simplicity, we use the Gaussian form in most
parts of this paper. From the normalization of the initial state, the numerical constant in
the last equation of Eq. (146) has a coefficient (2π)
3
2 of the initial state, and
ργ(~k) =
(
1
2Eγ(~k )(2π)3
) 1
2
, ρe =
(
me
Ee(2π)3
) 1
2
, (147)
Nγ =
(σγ
π
) 3
4
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and kµǫ
µ(k) = 0.
Integrating over ~k2 in Eq.(146), we have
〈~kγ, ~Xγ, Tγ |Aµ(x)|0〉 = θ(λ)
(
(2π)3
σγσ2T
) 1
2
ργ(~kγ + δ~k)ǫ
µ(~kγ + δ~k)
×ei(E(~kγ )(t−Tγ )−~kγ ·(~x− ~Xγ))−χ(x), (148)
where
λ = (t− Tγ)2 − (~x− ~Xγ)2, (149)
χ(x) =
1
2σγ
((~x− ~Xγ)l − ~vγ(x0 − Tγ))2 + 1
2σT
(~x− ~Xγ)2T .
Here δk(x)µ represents corrections due to the expansion of the wave packet that depend on
the direction,
(δ~k(x))j = − i
σjγ
δ~x, δ~x = (~x− ~Xγ − ~vγ(t− Tγ)), (150)
δk0(x) =
i
σγ
δx0, δx0 = ~v · (~x− ~Xγ − ~vγ(t− Tγ)),
where σjγ for the longitudinal L and the transverse T directions are given by
σLγ = σγ (151)
σTγ = σγ −
i
Eγ
(x0 − Tγ).
The polarization vector satisfies
∑
spin
ǫµ(~kγ + δ~k)ǫν(~kγ + δ~k) = −gµν . (152)
M is obtained by substituting Eq.(148), which is the normalized function, and satisfies
the condition for FQM. That is written as
M = −i e
2
me
N
∫
d4xe−i(pe,1−pe,2+k1)·xei(Eγ(t−Tγ )−
~kγ ·(~x− ~Xγ))−χ(x)T , (153)
T = u¯(pe,2)u(pe,1)ǫµ(~kγ,1)ǫµ(~kγ,2 + δk(x)),
N = (
(2π)3
σγσ
2
T
)1/2Nγ(2π)
3/2ργ(~k1)ργ(~k + δ~k)
1
(2π)3/2
(
m2e
Ee,1Ee,2
)1/2,
and in the leading order in 1
σγ
, it follows
δk(x)µ = 0, σT = σγ . (154)
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This transition amplitude is rigorous including the finite size correction to the Fermi’s golden
rule.
In the transition probability
P =
1
V
∫
d ~Xγ
(2π)3
dkγ2d~pe,2
∑
spin
|M|2 (155)
the normalization volume V for the initial state is replaced with the volume of the wave
packet, and the probability agrees with that obtained from Eq.(155), with
1
V
∫
d ~Xγ
(2π)3
= 1, (156)
[2]. It follows in the leading order of 1
σγ∫
d~pe,2
∑
|M|2 = ( e
2
me
)2N2
∫
d~pe,2
∫
d4x1d
4x2e
−i(pe,1−pe,2+k1)·(x1−x2)
×ei(E2(t1−t2)−~k2·(~x1−~x2))−χ(x1)−χ(x2)
∑
|T |2. (157)
The sum over the spin
∑
spin
|T |2 = ( 4
m2e
)(pe,1 · pe,2 +m2e), (158)
is substituted. The integration from the region of |t1 − t2| ≈ 0 gives ΓT and that from the
large |t1 − t2| gives P (d). The computations are made separately.
D. Computation of the P
(d)
γ in the (1,3) case
We show that the probability in the time interval T is given by
P = Γ(Thom)T + P
(d)
Thom, (159)
where the first term is derived from the Fermi’s golden rule, and the second term is the
correction term.
Γ(Thom) is independent of the measurement process and of σγ , and easily computed in
the limit σγ →∞. The integration over the coordinates leads∫
d4xe−i(pe,1+k1−pe,2−k2)·x = (2π)4δ(4)(pe,1 + k1 − pe,2 − k2). (160)
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Because the energy is positive semi-definite, the each energy of the final state has an upper
bound. We have the probability
Γ(Thom)T = T
1
Ee,1Eγ,1
∫
d~k2
2Eγ,2(2π)3
d~pe,2
2Ee,2(2π)3
(2π)4δ(pe,1 + k1 − pe,2 − k2)
× ( e
2
me
)24(pe,1(pe,1 + k1 − k2) +m2e). (161)
The differential probability and the total one, in the center of mass frame, are
dΓ(Thom)
d~k2
T = T
1
2Ee,1Eγ,1Eγ,2Ee,2π2
δ(Ee,1 + Eγ,1 − Ee,2 − Eγ,2) (162)
× ( e
2
me
)2(pe,1(pe,1 + k1 − k2) +m2e),
and
Γ(Thom)T = T
1
πEγ,1(Ee,1 + Eγ,1)Ee,2
(E2γ,1 + 2m
2
e)(
e2
me
)2. (163)
The P (d) for the process that the photon is detected is denoted as P
(d)
γ , and is derived
from the light-cone singularity due to the electron from Appendix D,∫
d~pe,2
2E2
e−i(pe,1−pe,2+k1)·(x1−x2) = i
1
4π
δ((x1 − x2)2)ǫ(t1 − t2), (164)
(s−m2e − 2k2(pe,1 + k1)) ≥ 0,
and the integral over the coordinates∫
d4x1d
4x2e
iφγ(δx)e
− 1
2σγ
∑
i(~xi−
~Xγ−~vγ(ti−Tγ))2 i
4π
δ(λ)ǫ(δt) (165)
= (σγπ)
3/2σγ
2
T (g˜(ωγT )− π),
where g˜(ωγT ), ω =
m2γ
2Eγ
was given in Ref.[1, 2]. Here mγ is the effective photon mass de-
termined by the plasma frequency. The last term (σγπ)
3/2 σγ
2
T (−π) cancels with the short
range term, and we have
dP
(d)
Thom
d~k2
= σγ
1
Ee,1Eγ,1Eγ,2(2π)3
(
e2
me
)2(pe,1(pe,1 + k1 − k2) +m2e)T g˜(ωγT )
× θ(s−m2e − 2k2(pe1 + k1)). (166)
The function g˜(ωγT ) is proportional to
1
T
at the asymptotic T and is π at T = 0, as is
presented in Appendix D. The last term in the integrand shows the momentum region that
contributes, i.e., the modified phase space. [1, 2]
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For the system of an electron density ne, the total probability that one photon makes a
transition is
Γ(total) = neΓ, (167)
P (d)γ (total) = ne × P (d)γ . (168)
Thus the transition probability has the constant term P (d), in a similar manner as the decay.
1. Electron at rest: photon distribution
The photon distribution in the rest system of the electron, pe1 = (me,~0) and the photon
momentum kγ1 = (Eγ1 , 0, 0, kγ1) is given by the phase space
me(Eγ,1 − Eγ,2)− Eγ,1Eγ,2(1− cos θ) ≥ 0 (169)
where θ is the angle between the final photon and the initial photon. The integration is
made over the region
kγ,2 ≤ kmaxγ,2 , (170)
kmaxγ,2 =
meEγ,1
Eγ,1(1− cos θ) +me .
At a small ωγT , g˜(ωγT ) = π, the differential probability and the total probability are
proportional to T ,
dP (d)
d cos θ
= T (
e2
me
)2σγ
1
4π
1
meEγ,1
[
(2me + Eγ,1)(k
max
γ,2 )
2
2
− (k
max
γ,2 )
3
3
], (171)
and
P (d) = TΓeff . (172)
Here Γeff is the effective rate of the probability
Γeff = (
e2
me
)2σγ
1
4π
Eγ,1[
1
3
+
3
2
ξ +
1
6
ξ2], (173)
ξ =
me
me + 2Eγ,1
which is proportional to σγ . In a large σγ , Γeff is larger than Γ(Thom). Depending on the
size σγ , Γeff varies,
σγE
2
γ ≫ 1; Γeff ≫ Γ(Thom) (174)
σγE
2
γ ≈ 1; Γeff ≈ Γ(Thom)
σγE
2
γ ≪ 1; Γeff ≪ Γ(Thom).
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In the low energy limit, Eγ → 0, the probability agrees with the classical Thomson cross
section.
At a large ωγT , T g˜(ωγT ) =
4Eγ2
m2γ
, and the differential probability is independent of T and
is,
dP (d)
d cos θ
= (
e2
me
)2σγ
1
π2
1
Eγ,1m2γ
[(2me + Eγ,1)
(kmaxγ,2 )
3
3
− (k
max
γ,2 )
4
4
], (175)
and the total probability is
P (d) = (
e2
me
)2σγ
1
12π2
1
m2γ
meEγ,1[Eγ,1 + 4me − 2me + Eγ,1
2
ξ2 + Eγ,1ξ
3]. (176)
2. High energy electron : energy conversion from the electron to the photon
Here we study the behavior of the Thomson probability at a relativistic energy region. In
a high energy region, the effective interaction between the electron and the photon is that of
the Compton scattering. Nevertheless it is useful to know the behavior and the magnitude
of those of the Thomson scattering.
For the parallel case,
pe,1 = (Ee,1, 0, 0, pe,1), pγ,1 = (Eγ,1, 0, 0, Eγ,1), Ee,1 ≫ Eγ,1, (177)
the momentum satisfies
kγ,2 ≤ kmaxγ,2 , (178)
kmaxγ,2 =
kγ,1(Ee,1 − pe,1)
(pe,1 + kγ,1)(1− cos θ) + (Ee,1 − pe,1) ,
and the probability is given, for ωγT ≪ 1, by
dP (d)
dkγ,2d cos θ
= A(2π)T g˜(0)kγ,2(2m
2
e + (Ee,1 − pe,1)kγ,1 − kγ,2(Ee,1 − pe,1 cos θ))θ(B)(179)
A = σγ
1
Ee1Eγ,1(2π)
3
(
e2
me
)2
B = (kγ,1 − kγ,2)(Ee,1 − pe,1)− (pe,1 + kγ,1)kγ,2(1− cos θ)
and for ωγT > 1, by
dP (d)
dkγ,2d cos θ
= A(2π)
4
m2γ
k2γ,2(2m
2
e + (Ee,1 − pe,1)kγ,1 − kγ,2(Ee,1 − pe,1 cos θ))θ(B) (180)
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For the anti-parallel case,
pe,1 = (Ee,1, 0, 0, pe,1), pγ,1 = (Eγ,1, 0, 0,−Eγ,1), Ee,1 ≫ Eγ,1, (181)
the momentum satisfies
kγ,2 ≤ kmaxγ,2 , (182)
kmaxγ,2 =
kγ,1(Ee,1 + pe,1)
−(pe,1 + kγ,1)(1− cos θ) + (Ep,1 + pe,1) ,
and the probability is given, for ωγT ≪ 1, by
dP (d)
dkγ,2d cos θ
= A(2π)T g˜(0)kγ,2(2m
2
e + (Ee,1 + pe,1)kγ,1 − kγ,2(Ee,1 − pe,1 cos θ))θ(B)(183)
B = kγ,1(Ee,1 + pe,1)− kγ,2(Ee,1 + kγ,1 − (pe,1 − kγ,1) cos θ)
and for ωγT > 1, by
dP (d)
dkγ,2d cos θ
= A(2π)
4
m2γ
k2γ,2(m
2
e + (Ee,1 − pe,1)kγ,1 − kγ,2(Ee,1 − pe,1 cos θ))θ(B). (184)
A is proportional to σγ , which is determined not only by the microscopic quantity but also
by the macroscopic quantities. The probability is enhanced in a large σγ.
E. P
(d)
e for the electron in the (1,3) case
For the events that the electron is detected or interacts with others, the wave function of
the electron in the final state is determined by the reaction process. That in a solid state
is normally atomic size and in a dilute gas is large. Γ(Thom) for the electron is the same
as that for the photon. P
(d)
e is derived and computed from the light-cone singularity of the
photon, ∫
d~pγ,2
2E2
e−i(pe,1−pγ,2+k1)·(x1−x2) = i
1
4π
δ((x1 − x2)2)ǫ(x01 − x02), (185)
(s−m2e − 2pe,2(pe,1 + pγ,1)) ≥ 0,
and the integral ∫
dx1dx2e
iφe(δx)e−
1
2σe
∑
i(~x1−
~Xe−~ve(t1−Te))2 i
4π
δ(λ)ǫ(δt) (186)
= (σeπ)
3/2σe
2
T(g˜(ωeT)− π),
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where ωe =
m2e
Ee
is much larger than ωγ Ref.[1, 2]. At the small ωeT , Γeff is the same as that
of the photon, if σe = σγ . At a large ωeT ,
P
(d)
Thom = (
e2
me
)2σe
4
Ee,1
1
2Eγ1
∫
d~ke2
2Ee2(2π)
3
(187)
(pe,1 · pe,2 +m2e)T g˜(ωeT )θ(s−m2e − 2pe,2 · (pe,1 + kγ1)).
Eq.(187) is almost identical to E.(166) in the form. However, since the angular frequency
ωe is much larger, the magnitude is much smaller.
For the system of a photon density nγ, the total probability P
(d)
e (total) that one photon
makes a transition is
P (d)e (total) = nγ × P (d)e . (188)
1. electron acceleration
In the case pe,1 = (Ee,1, 0, 0, pe,1), pγ1 = (Eγ1 , 0, 0, Eγ1), the electron’s energy distribution
is obtained by integrating the photon momentum in the final state first. Accordingly, the
phase space and the angular velocity are changed to
s−m2e − 2pe,2 · (pe,1 + kγ,1) ≥ 0, (189)
ωe = Ee(p, e)− pe.
For Ee ≫ me, Eγ1 > 2pe1, the frequency is
ωe =
m2e
2pe
, (190)
and the probability is
P (d) = (
e2
me
)2σe
8
4π2
1
m2e
∫ Eγ,1− p2e,1Eγ1
dEe,2E
2
e,2. (191)
= (
e2
me
)2σe
2
3π2
1
m2e
(Eγ,1 −
p2e,1
Eγ,1
)3.
The probability that the electrons get the energy from the higher energy photon is deter-
mined by this P (d). The lower energy photon does not give the energy.
The probability P (d) for the photon and the electron are proportional to the square of
the electron radius e
2
me
, and to the range in space covered by the photon wave function
σγ or the electron wave function σe. By tuning the latter parameter, the enhancement of
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the probability is possible.The asymptotic values for the photon is proportional to 1
m2γ
and
for the electron is proportional to 1
m2e
. Eq.(191) is inversely proportional to m2e, Since the
electron mass is much larger than the photon’s effective mass, P (d) for the electron is much
smaller than that of the photon. However, that is still sizable for a large σe, which may be
realized in dilute gas such as the atmosphere and the space.
2. The case :(2,2)
In the case that one of the initial states and one of the final states are plane waves and
others have small sizes, (2, 2) case, the transition amplitude is given by
M = − e
2
me
∫
d4x〈pe,2|J(x)|pe,1〉〈~k2, ~Xγ, Tγ |Aµ(x)Aµ(x)|~k1, ~X1, T1.〉.
The probability is written with the amplitude.
3. e+ E(B)→ e+ γ
One photon production in the electron scattering with the electric or magnetic field has
the probability ΓT and P (d). The cross sections for the bremsstrahlung or the synchrotron
radiation are known well. P (d) in the processes that the electron interacts with a macroscopic
electric or magnetic field gives a scattering probability in the extreme forward direction. The
range in space covered by these photon’s wave functions can be much larger than the atomic
size, and P (d) can be enhanced over ΓT .
F. Other QED processes
Other QED processes, e+ + e− → 2γ and γ + γ → γ + γ and others are also subject of
the corrections of P (d). P (d) of these processes are expressed in the same manner as that of
the Thomson scattering.
V. IMPLICATIONS
In the transition probability Eq.(159) , Γ(Thom) is smooth in the angle and determined by
microscopic physical quantities and de Broglie wave length ~
p
. Now P (d) peaks at θ = 0 and
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the value is determined by the macroscopic quantity σγ and the microscopic quantity
~E
c3m2γ
,
which in fact is of a macroscopic magnitude for the light particles. This forward component
is unique in the quantum mechanics and is not derived in the classical mechanics. Even in
the low energy limit, the additional component P
(d)
Thom does not vanish and appears in the
extreme forward direction. The QCS and the probability P (d) have implications to wide
area. Some of them are studied.
A. Magnitude of P
(d)
γ
The magnitude of P
(d)
γ in the small and large T regions are estimated.
1. ωγT ≪ 1
From Eq.(174), P (d) is proportional to T in the region ωγT ≪ 1, and the effective rate
Γ
(d)
eff =
P (d)
T
is larger than the normal term Γ for σE2γ ≫ 1. σγ is the range in space covered
by the wave function of the object that the photon interacts with and is estimated from its
mean free path lmfp of the charged matter,
σγ = πl
2
mfp. (192)
The mean free path lmfp is given by
lmfp =
1
ncharge × σcross section , (193)
where the cross section σcross section for the charged particles in plasma, is the Rutherford
cross section and for the neutral atoms is π(ratom)
2, where ratom is the atomic size. The
mean free path is as long as 105 meter or longer in dilute gas but is short in liquid and solid.
Thus
σγE
2
γ = π(
lmfp
λγ
)2. (194)
P (d) is more important than ΓT if the mean free path is longer than the wave length.
2. ωγT > 1
In the asymptotic region ωT ≫ 1, P (d) is constant and proportional to another parameter
rd = c~ne
σγ
m2γ
, which depends on the photon’s effective mass, mγ . That is determined by the
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plasma frequency,
mγ = ~
√
4παNe
me
; Ne the total electron density, (195)
and is expressed as
mγc
2 = 30
√
Ne
N0e
eV, (196)
Ne
0 = 1030meter−3.
Combining this with the σγ , and substituting c~ = 2 × 10−7 eV meter, the magnitude in
the asymptotic region T →∞
rd = c~ne
σγ
m2γ
= c~neπl
2
mfp
N0e
Ne
1
900
(197)
=
ne
Ne
πl2mfpN
0
e
1
900
2× 10−7eV meter
eV meter
.
which is large in dilute systems such as the ionophere, the solar corona, and the inter
space. In the Ionosphere, parameters are roughly l = 107meter, ne = 10
10/meter3, and
Ne = 10
15/meter3, and rd > 1.
In the processes of P (d) ≈ 0, the sum of the kinetic energies of final states agrees with
the initial energy. QCS is not involved. For the processes of sizable P (d), the substantial
portion of the final states have less kinetic energy, and the rest of the energy is stored in
the wave interaction-energy. It is remarkable that the P (d) gives physical effects despite the
fact that the term ΓT exceeds P (d) at the infinite T .
B. Magnitude of P
(d)
e
The product nγ
σe
m2e
determines the magnitude of P
(d)
e at ωeT > 1. The electron mass
is much heavier than the photon’s effective mass, and P
(d)
e is much smaller that P
(d)
γ , if
σe ≈ σγ .
C. Fraction of the QCS and of the invisible energy
The final state of the Tomson scattering is partly QCS of the continuous kinetic energy.
Its average fraction is estimated.
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1. Fraction of QCS
For P
(d)
γ (total) ≪ 1, the total probability that one photon is scattered in a gas of the
electron density ne, at T is
P = Γ(total)T + P (d)γ (total), (198)
with Γ(total) = neΓ, P
(d)
γ (total) = neP
(d)
γ . Hereafter, the fraction of QCS is studied for
ωγT > 1. P becomes the unity at a time T0 that satisfies
Γ(total)T0 = 1− P (d)γ (total). (199)
T0 is the mean free time of the initial state. By the time T0, due to the scattering with
the electrons all states are scattered, and transformed to the final states. The sum of the
kinetic-energies of the final states by the process governed by ΓT agrees with the initial
energy, but that by P (d) is smaller. We estimate the fraction of the former states and of the
latter states from those states that are produced in the time interval between T = 0 and
T = T0 as
Pconservig =
1
2
T0(1− P (d)γ (total)), (200)
Pnon−conserv. = T0P
(d)
γ (total).
Their ratio is
r =
1− P (d)γ (total)
2P
(d)
γ (total)
. (201)
For P
(d)
γ (total) ≥ 1, the total probability becomes
P =
Γ(total)T
1 + P
(d)
γ (total)
+
P
(d)
γ (total)
1 + P
(d)
γ (total)
, (202)
which become P = 1 at ΓT0 = 1. Those in the time interval between T = 0 and T = T0 are
Pconservig =
T0
2(1 + P
(d)
γ (total))
(203)
Pnon−conserv. =
T0P
(d)
γ (total)
1 + P
(d)
γ (total)
,
and the ratio is
r =
1
2P
(d)
γ (total)
. (204)
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If the average kinetic-energy of the QCS is 1
pke
of the total energy, the average fraction of
the observed energy for P
(d)
γ (total) < 1 is
Evisible
Etotal
=
1
2
(1− P (d)γ (total)) + P (d)γ (total)
1
pke
, (205)
and for P
(d)
γ (total) ≥ 1,
Evisible
Etotal
=
1
2(1 + P
(d)
γ (total))
+
P
(d)
γ (total)
1 + P
(d)
γ (total)
1
pke
. (206)
If P
(d)
γ (total) ≫ 1, the majority of the energy is stored in the wave interaction-energy,
and is invisible with the detectors that use microscopic processes.
2. Observation of QCS
The kinetic energy of QCS is visible by its interaction with atoms, but the interaction
energy decouples. Hence the energy measured with an ordinary detector is a partial portion,
and deviates from the total energy carried by the initial states. This event looks like a
background, even though that is represented by the Schro¨dinger equation and has universal
properties.
From unique features that are not included in the normal component of the wave function
and Γ, QCS and P (d) can be identified. One way is to measure the absolute values of the
total energy and the transition probability precisely. If the total probability to the states of
conserving the kinetic energy is less than one, there are missing channel. If that is found to
have the less kinetic energy, it could suggest the QCS. QCS will be confirmed if a kinetic
energy is transferred from the interaction energy and is detected directly.
The steep rising of P (d) with time in the region ωT ≪ 1 is another feature and may
be verified. Due to the large width in the kinetic energy, the P (d) changes rapidly, before
that reaches to the asymptotic value. This rapid change induced by P (d), may be identified
with the advanced laser technology easily. The large width in the kinetic energy also shows
that the signal is insensitive to their variations. In an environment of a finite temperature,
and a finite density, the energy becomes broad, and the narrow peak due to Γ becomes less
prominent, but P (d) is independent of the temperature. Furthermore, P (d) is enhanced in
the dilute system, and added to the probability. The total transition probability varies by
P (d). These features may make the identification of P (d) and QCS possible.
The interaction energy carried by the overlapping waves directly couples with the grav-
itational field. Hence, macroscopic number of QCS is observable through their energy and
momentum. From the fact that QCS appears in QED, it is expected that QCS affects the
quantum mechanical phenomena in wide area. They will be presented in a subsequent work.
D. The comparison with previous experiments
The wave function QCS and the probability P (d) have been barely paid attentions by the
researchers. This is because the experimental signals are wide in the energy and narrow in the
configuration space in the forward direction. Hence the identifications are hard, [40].These
signals have been considered as backgrounds, and serious studies have been barely made.
This does not mean that they do not exit. When P (d) becomes larger than ΓT , that is
necessary for correct understandings of the phenomena.
VI. SUMMARY
We found that the solution of the many-body Schro¨dinger equation at the large time has
a new component of quasi-stationary composite states (QCS) of the overlapping waves. QCS
has the wave interaction-energy and gives the intriguing corrections to the Fermi’s golden
rule for the scattering probability. QCS and their transitions, which played important roles
in the decays, are also important in the scatterings. Due to their unique properties such
as the non-conservation of the kinetic energy and the violation of symmetry, the transition
probability, which are computed following FQM for the normalized states, reveal unusual
properties. These play important roles in various experiments and in natural phenomena of
many-body problems.
The solutions of Schro¨dinger equation solved with the boundary condition of the adiabatic
switching off of the interaction have been applied in many situations, which is realized by
the interaction Hamiltonian e−ǫ|t|Hint. This method is applicable to the transitions of the
states of small sizes, behaving like particles of Oqcs = 0 in the initial and final states. In
this kinematic region, the particle zone, the kinetic energy agrees with the total energy
and also with the initial energy. This many-body state is equivalent to free particles, and
physical quantities are computed with the S[∞] of plane waves with the damping factor
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e−ǫ|t|Hint. The transition probability in the particle zone has the form ΓT , and has been
fully understood. It is highly non-trivial, however, if the interaction always switches off.
This issue was clarified in this work.
The QCS was analyzed in the scalar theory and in QED, particularly in the Thomson
scattering. In the Thomson scattering of the extended states behaving like waves, the
solutions of the Schro¨dinger equation of the interacting Hamiltonian include QCS of Oqcs 6= 0
which are not expressed by the boundary condition of the switching off of the interaction.
The wave functions in the extreme forward direction are example of this case, and keep the
wave interaction-energy, and the kinetic energy that deviates from the total energy. The
transition process is described by the S-matrix S[T ] for the finite-time interval T defined by
the normalized states and the probability is computed with the fundamental principles of the
quantum mechanics. QCS leads to the transition probability to have the form P = ΓT+P (d)
of the normal term ΓT and the new term P (d). Γ is computed by the Fermi’s golden rule,
but P (d) is not. This is derived from QCS and computed by the method following FQM. P (d)
has been considered negligible and ignored, but that is found sizable in various situations
and giving significant effects. The low energy theorem [39] that the cross section agrees
with the classical Thomson cross section is valid in the low energy limit despite the fact the
transition probability is modified in the intermediate energy. The critical energy depends
on the mean free path of the charge matter and becomes extremely low in the dilute system.
The typical length characterizing P (d) is ~E
m2c3
, which is much larger than de Broglie wave
length ~
p
for light particles. P (d) is proportional to this length and the range in space covered
by the wave function σ, and becomes extremely large in processes involving light particles,
such as electromagnetic and weak processes. From these dependences, P (d) would be able
to supply the valuable information on the physical systems.
Each term of ΓT and P (d) corresponds to the final state of different properties on the
kinetic energy. First component is narrow at the initial energy, revealing the kinetic energy
conservation, whereas the second is spread in wide region. The implications of the former
have been fully studied, and presented in many textbooks, but those of the second have
not. The latter has the kinetic-energy smaller than that of the initial value revealing the
kinetic-energy non-conservation, and is narrow in time. P (d) in fact varies rapidly in a small
T , and approaches constant. The rest of the energy is stored in the waves in the form of the
interaction energy. This interaction energy of the waves in the many-body systems, which
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is similar to the potential energy in the classical mechanics and in the one-body quantum
mechanics, could have many implications.
The wave kinetic-energy is proportional to the frequency by the Einstein relation E = hν,
and transmits from the initial state to another state in the microscopic transition processes.
This energy is detectable with the normal detectors, and transmittable to other systems
in natural phenomena. Thus this is visible. Contrary to the kinetic energy, the wave
interaction-energy is stored in overlapping waves and neither transmittable nor detectable
unless that is converted to the kinetic-energy. Hence this is invisible with microscopic
processes. Nevertheless, this non-detectable energy is one part of the energy momentum
tensor and becomes the source of the gravitational field and affects the macroscopic motion
of a massive body. For P (d) ≥ 1, the dominant part of the energy of the final states is
invisible.
Γ is independent of the details of the initial and final wave functions, and has been used
to study the underlining theory, whereas P (d) depends partly on the wave functions, and
is less useful to study the underlining theory. Nevertheless, that gives other information,
and have intriguing properties. Hence this could be useful for applications, and has many
implications, especially in the dilute systems. That could change also basic understandings
of the natural phenomena [41, 42]. P (d) gives effects similar to a new interaction.
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Appendix A: Principle of quantum mechanics
The correction terms derived from the QCS have deep connections with the principle of
the quantum mechanics.
1. von Neumann’s fundamental principle of the probability
One of the fundamental principles of quantum mechanics is that the transition probability
between states |α〉 and |β〉 is given by
P = |〈β|α〉|2, (A1)
for the normalized states. This was verified in transitions of one-body systems, which is de-
scribed by a Schro¨dinger equation, and of many-body systems of identical particles, which
are described by quantized fields. The potential scattering of an electron and the elastic
scattering of light belong to the former and the particle decays, the radiative transitions of
molecules, and others, and their scatterings belong to the latter. In the potential scatterings,
the probability density ρ(t, ~x) and the current density ~j(t, ~x) satisfy the continuity equation
∂
∂t
ρ(t, ~x) + ∇ · ~j(t, ~x) = 0 regardless of the potential. Based on this, the decay rate and
the scattering cross section are defined in a similar manner as the classical mechanics. In
systems of identical particles described by quantized fields, however, the fields are operators
in a many-body space, and their product do not satisfy the above continuity equation in
the presence of many-body interactions. The number of each particle varies, but the total
probability is conserved. The transition probability is given by Eq.(A1). In the transition
processes measured in the experiments, the initial and final states cover finite sizes deter-
mined by the apparatus, and are normalized. In the transitions in nature, the measurements
are not made, but those of the initial and the final states have finite range in space. The
processes follow the probability obtained by the quantum mechanics. This assertion includes
the case |α〉 = U |α′〉, U †U = 1, and the transition probability is computed rigorously with
the formula Eq.(A1).
Now, for the non-normalized states, the right-hand side of Eq.(A1) diverges and is unable
to give the unique probability. Nevertheless, the plane waves are eigenstates of the energy
momentum of the free system, and are most convenient for practical calculations. In a
case that all the final states satisfy Oqcs = 0, of Eq.(39), the interaction vanishes. Modified
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formula using the plane waves and the adiabatic switching off of the interaction is applicable.
The deficit of the non-normalized wave functions is avoided by employing the boundary
condition of the adiabatic switching off, by which the effective interaction region is enforced
to a finite region, and the ratio of the fluxes, which is useful in particles, the probability
proportional to the time interval is uniquely computed with the Fermi’s golden rule. This
has been verified in most places in the leading order terms in the time interval. Because
this boundary condition is artificially set by hand, it is not clear if that agrees exactly with
the total probability obtained by Eq.(A1). In the wave-zone, some states satisfy Oqcs 6= 0,
and the interaction of the waves remains and the probability becomes different from that
of particles. They reveal wave-like behaviors which are neither calculated with particle
dynamics, nor evaluated by the adiabatic switching off. The FQM has been verified for the
normalized states, and gives the rigorous probability even in these cases of the wave-zone.
The formulation by LSZ [9] use the wave packets, and is suitable to compute the rigorous
probability. Unfortunately, LSZ applied the approximations of the wave packets by plane
waves in the explicit calculations. This is valid for those that are proportional to the time
interval,i.e., the decay rate and the cross section, since the typical scale is the de Broglie
wave length which is much shorter than the scale of the physical system. However, the
scale of the correction term P (d) is not the de Broglie length but the new scale E~
m2c3
. In
the situations that this is much longer than the de Broglie length, P (d) appears, and is not
ignorable. The present series of works study this situation and compute the probability
based on FQM without approximating the normalized waves with the plane waves. The
value from FQM is rigorous, and if the value obtained by the plane wave approximations
disagree with those obtained by FQM, that is caused by the approximation.
2. Decoherence of the waves
Another principle of the quantum mechanics is that the physical state is expressed by
the wave function. This has been proved in many situations. A duration that the state is
described by one wave function, which is solved by the Schro¨dinger equation also, is not
very clear experimentally. For an isolate system, this is expressed by the time dependent
wave function that satisfies the Schro¨dinger equation, and keeps the coherence.
For a state in an environment, the wave function varies according to an interaction with
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an environment. The duration is computed by the mean free time of the state. The total
Hamiltonian,
H = H +Hev, (A2)
where H is the physical system of interest and Hev shows their interaction with the en-
vironment. The state vector depends on the variables of the physical system and other
parameters,
|xi; β1, β2, · · · 〉. (A3)
Unless necessary, the space of the states of the environment are ignored.
If the phase of the scattered wave varies with the dynamical variables that specify the
states steeply, the coherent nature of these waves are washed out easily, when they make a
reaction with others. Decoherent wave behaves like a particle or ensemble of particles, and
are expressed approximately by classical objects.
Appendix B: Gibbs ensemble, Boltzmann equation, and Ergodic hypothesis
Particles are small in sizes and the interaction switches off rapidly in the microscopic
scale of the order of de Broglie wave length in collisions. They preserve the kinetic energy
and momentum, and the transition probabilities are determined by the dynamics in the
microscopic scale. They follow Markov nature. This collision term leads the Boltzmann
equation consistent with the Gibbs ensemble. The states in the space of the wave functions
Ψp(t) reveal the particle properties of conserving the kinetic-energy, and the probabilities
Eqs.(52), (53) of this behavior. After the many independent transitions, the distribution
follows the principle of equal a priori probability and the Boltzmann distribution,
PG = e
−βH , (B1)
using an average energy per each freedom 1
β
= kT. The states follow the normal ther-
modynamics expressed by the Gibbs ensemble [43]. Many phenomena in fact follow this
distribution.
Now the space expressed by Ψw(t) reveals the overlap of the waves that is expressed by
the wave function in macroscopic short time-interval, and remains the same long period.
That does neither satisfy the conservation law of the kinetic energy, nor the Markov nature.
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In the decays, they follow the time-independent power law Eq.(57) instead of the exponential
behavior. The probability P (d) determines the initial probability for the Boltzmann equation
that is proportional to a power of the visible energy, i.e., the kinetic energy. Accordingly, this
distribution is determined by the wave functions and follows the power law in the kinetic
energy, and is independent of the temperature. This behavior is observed in many area.
They should show the characteristics of the interacting waves in non-equilibrium situations.
It would be important to note that the total statistical ensemble of these waves are the
product of this term and that of Gibbs ensemble
P = PG × PD, (B2)
where PD is the distribution corresponding to P
(d).
In a hypothetical case of the interaction Eq.(C3), the space is composed of Ψw, and Ψp
is not included, and P = P (d). The distribution is determined by that of the quantum
mechanics.
The probability in the scattering or the decay in the particle-zone covers the wide angle
in each reaction. Accordingly the whole phase space is covered ultimately, and leads us
to the Ergodic hypothesis. Those in the wave-zone, however, is restricted to the extreme
forward angle in the time-independent manner, and does not cover the whole phase space.
Hence this component does not follow the Ergodic hypothesis.
Appendix C: Interaction Lagrangian of the total derivative
An example of showing Γ = 0, P (d) 6= 0 was given in [3], and the other is a system of a
scalar field ϕ(x) and a vector field ϕµ(x) described by an action
S =
∫
d4x(L0 + Lint), (C1)
L0 =
1
2
∂µϕ(x)∂
µϕ(x)− 1
2
m21ϕ(x)
2 +
1
4
fµνf
µν − 1
2
m22ϕµ(x)ϕ
µ(x), (C2)
fµν = ∂µϕν(x)− ∂νϕµ(x),
where m2 > 2m1 and Lint is
Lint = −g∂µ(ϕµ(x)ϕ(x)2). (C3)
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This is a total derivative and the action integral becomes a surface term
Sint = −g
∫
d3Sµ(ϕ
µ(x)ϕ(x)2). (C4)
The interaction does not modify the equation of motion in the bulk, but affects the wave
function and the transition probability [3].
In the standard method of the covariant perturbation theory, the Tomonaga-Feynman-
Schwinger formalism [29–31], the plane waves and the adiabatic switching off of the interac-
tion are used. The vertex part of the interaction Eq.(C3) in the momentum representation
becomes
− g
∫
d4x
∂
∂xµ
ei(p1−p2−p
′
2)·x = −ig(2π)4(p1 − p2 − p3)µδ4(p1 − p2 − p′2). (C5)
The right-hand side vanishes in the normal treatment of the Dirac’s delta function, and so
does the transition amplitude. Accordingly the probability proportional to the time-interval
computed with the Fermi’s golden rule vanishes. This method does not supply the constant
term, P (d). This is computed rigorously from the FQM for the normalized state, which does
not vanish and is finite. Thus this vector ϕµ(x) has the decay rate Γ = 0 and the infinite
mean life-time τ =∞, but due to P (d) 6= 0, the norm varies as in Eq.(30). This is a counter
example that the method of the adiabatic switching off of the interaction is applicable to
QCS and P (d).
Appendix D: Light-cone singularities of transition probabilities
The light-cone singularity plays an important role [44] for the P (d) in the many body
transitions of extended relativistic waves. Those in the scatterings are summarized.
1. Two body scattering
Scalar particle
Scalar particles A,B,C, and D of the momentum ~pA, ~pB, ~pC , and ~pD, where C is detected
at the position ~XC , TC are studied. A,B,C,D can be 1, 2 of Section 2, or i, j, k of Section
3. The amplitude
A(~pA) +B(~pC)→ C(~pC , ~XC, TC) +D(~pD) (D1)
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in the lowest order of the interaction Hint = J(x)ϕc(x) is written as
M =
∫
dxω(x, ~pC , ~XC , TC)〈D, ~pD|J(x)|A, ~pA;B, ~pB, 〉, (D2)
〈D, ~pD|J(x)|A, ~pA;B, ~pB〉 = e−i(pA+pB−pD)·xG((pA − pD)2, (pB − pD)2),
G((pA − pD)2, (pB − pD)2) = 〈D, ~pD|J(0)|A, ~pA;B, ~pB〉. (D3)
[38] We have the expression
|M|2 =
∫
dx1dx2ω(x1, ~pC , ~XC , TC)
∗ω(x2, ~pC , ~XC , TC)∆A,B,C(x1 − x2), (D4)
where
∆A,B,C(x1 − x2) (D5)
=
1
(2π)3
∫
d~pD
2E(~pD)
e−i(pA+pB−pD)·(x1−x2)|G(pA − pD)2, (pB − pD)2)|2.
We change the variable to the new variable q = pA + pB − pD,
∆A,B,C(x1 − x2) = 1
i(2π)4
∫
dq × e−iq·(x1−x2)|G(q − pB)2, (q − pA)2)|2 (D6)
×( 1
q2 +m2A,B −m2D + 2q(pA + pB)− iǫ
− 1
q2 +m2A,B −m2D + 2q(pA + pB) + iǫ
)
=
1
i(2π)4
∫
dqe−iq·(x1−x2)|G(q2 +m2B − 2qpB, q2 +mA − 2− 2qpA)|2
(
1
q2 +m2A,B −m2D + 2q(pA + pB)− iǫ
− 1
q2 +m2A,B −m2D + 2q(pA + pB) + iǫ
),
where
m2A,B = (pA + pB)
2, (D7)
Expanding the denominator,
1
q2 +m2A,B −m2D + 2q(pA + pB)−±iǫ
(D8)
= D1
1
q2 +m2A,B −m2D −±iǫ
,
D1(q) =
∑
p
1
p!
(2q(pA + pB))
p(
∂
∂m2D
)p,
and
|G(q2 +m2B − 2qpB, q2 +mA − 2− 2qpA)|2 (D9)
= D2|G(q2 +m2B, q2 +mA)|2,
D2(q) =
∑
p,q
1
p!q!
(
∂
∂m2B
)p(−2qpB)p( ∂
∂m2A
)q(−2qpA)q,
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are substituted to ∆A,B,C(x1 − x2). We have then
∆A,B,C(x1 − x2) (D10)
= D1(i
∂
∂δx
)D2(i
∂
∂δx
)
1
i(2π)4
∫
dqe−iq·(x1−x2)|G(q2 +m2B, q2 +m2A)|2
× ( 1
q2 +m2A,B −m2D − iǫ
− 1
q2 +m2A,B −m2D + iǫ
)
= D1(i
∂
∂δx
)D2(i
∂
∂δx
)iD+(δx,m2D −m2A,B)|G(m2D −m2A,B +m2B, m2D −m2A,B +m2A)|2.
The light-cone singularity of ∆A,B,C(x1 − x2) is
∆A,B,C(x1 − x2)light−cone (D11)
= D2(i
∂
∂δx
)|G(m2D −m2A,B +m2B, m2D −m2A,B +m2A)|2i(
1
4π
)δ(λ)ǫ(δt)
= |G(m2D −m2A,B +m2B − 2i
∂
∂δx
pB, m
2
D −m2A,B +m2A − 2i
∂
∂δx
pA)|2i( 1
4π
)δ(λ)ǫ(δt).
From the light-cone singularity, we have the probability,
|M|2 =
∫
dx1dx2ω(x1, ~pC , ~XC, TC)
∗ω(x2, ~pC , ~XC, TC) (D12)
×|G(m2D −m2A,B +m2B − 2i
∂
∂δx
pB, m
2
D −m2A,B +m2A − 2i
∂
∂δx
pA)|2
×i( 1
4π
)δ(λ)ǫ(δt)
=
∫
dx1dx2ω(x1, ~pC, ~XC , TC)
∗ω(x2, ~pC , ~XC, TC) (D13)
×|G(m2D −m2A,B +m2B − 2pBpC , m2D −m2A,B +m2A − 2pApC)|2
×i( 1
4π
)δ(λ)ǫ(δt)
= |G(m2D −m2A,B +m2B − 2pBpC , m2D −m2A,B +m2A − 2pApC)|2
×(σCπ)3/2σC
2
T(g˜(ωCT)− π),
where the integral ∫
dx1dx2e
iφC(δx)e
− 1
2σC
∑
i(~x1−
~XB−~vC(t1−TC))
2 i
4π
δ(λ)ǫ(δt) (D14)
= (σCπ)
3/2σC
2
T(g˜(ωCT)− π)
ωC = E(~pC)− ~vC~pC
was substituted. The finite-size correction to the probability is
|M|2 = |G(m2D −m2A,B +m2B − 2pBpC , m2D −m2A,B +m2A − 2pApC)|2
× (σCπ)3/2σC
2
T(g˜(ωCT)).
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The light-cone singularity exists in the kinematic region
2pC(pA + pB) ≤ m2A,B −m2D, (D15)
from the conditions for the convergence. So ~pC is integrated in this region.
2. Universal function g˜(ω, T )
For the case that the mass of C is tiny, the approximation e
−
(~vC−~vC′
)2
4σC
δt2
= e
−
(1−|~v
C′
|)2δt2
4σC = 1
is good, which cannot be used for massive particles, and we have
g(ωC, T ) = i
∫ T
0
dt1dt2
eiωC(t1−t2)
t1 − t2
= −2
∫ T
0
dt
sin(ωCt)
t
, (D16)
where t+ =
t1+t2
2
, t− = t1− t2. Since g(ωC,∞) = −π is cancelled with the short-range term
from Jregular, we write
g˜(ωC , T ) = 2(
π
2
−
∫ T
0
dt
sin(ωCt)
t
), (D17)
which satisfies
g˜(ωC , T ) = π; ωCT ≪ 1, (D18)
g˜(ωC , T )| ∼ 2
ωCT
; ωCT ≫ 1. (D19)
Appendix E: Long distance propagation of QCS wave packet
The velocity of the central position of a wave packet is ~v = ~p
E(~p)
, and that of two wave
packets of ~v1, σ1 and ~v2, σ2 is ~v =
σ1~v2+σ2~v1
σ1+σ2
. QCS of the momentum ~P , the position ~X, and
time T satisfies the wave equation
[i~
∂
∂T
− i~vi ∂
∂Xi
]|~P , ~X, T 〉 = 0, (E1)
using the central values. The velocity of the central position for the overlapping wave packets
is for σ1 ≫ σ2, ~v ≈ ~v2, and for σ2 ≫ σ1, ~v = ~v1. The electron’s velocity is lower than the
speed of light, hence a composite state of the photon and the electron wave moves with a
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speed slower than the speed of the light unless σe ≫ σγ . Accordingly the photon signal
delays by an amount
∆T = (1/v − 1/c)L, (E2)
if the P (d) of the photon electron interaction is large.
Next we study the equation of motion of QCS modified by an interaction in the for-
ward direction, in which the initial wave packet loses a fractional energy. Let us write the
interaction energy in the form V (X), then the wave equation is
i~
∂
∂T
|~P , ~X, T 〉 = (i~vi ∂
∂Xi
+ V ( ~X)]|~P , ~X, T 〉. (E3)
In the vacuum V (X) = 0, and in a system of many electrons, V (X) is determined by them.
In the present case, the photon’s energy is distributed continuously with the probability
P (E) and is represented with V (x) > 0, and the wave equation is a superposition
|~P , ~X, T 〉 =
∫
dEP (E)e−
i
~
(ET−
∫X dx′(E−VE(x′)))|~P , ~X, 0〉, (E4)
which is a wave packet constructed from the original wave packets. We write
δ(E) =
∫
dx′VE(x
′). (E5)
For a P (E) = Ne
− 1
2σE
(E−E0)2 ,
|~P , ~X, T 〉 = e− i~ (E0T−E0X+δ(E0))e−σE2 1~2 (T−X+δ′(E0))2 . (E6)
Thus the signal delays by an amount, δ′(E0).
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